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Mathematical models fo r  petroleum reservoirs incorporate the 
reservo ir physical properties and the in te rac tion  o f natural and 
a r t i f i c ia l  forces to  simulate reservo ir behavior. Therefore, 
mathematical sim ulation helps in understanding reservo ir behavior.
Such information leads to the most economically desirable form o f 
exp lo ita tion .
Reservoir simulators are used to design the most economical 
secondary recovery program and to lay out the complete reservo ir 
management from discovery to depletion.
Natural reservoirs consist o f one, two or three phases ( o i l ,  
water, and gas) w ith  various geometries. Therefore, various reservo ir 
simulators were developed. They s ta r t w ith one-dimensional one-phase 
simple simulators and end up with complex three-dimensional three- 
phase ones. Although three-dimensional simulators are now ava ilab le , 
the most popular sim ulator is  the two-dimensional one because a w e ll- 
organized two-dimensional simulator can be used to approximate three- 
dimensional one a t a lower cost.
The e ffic ie n cy  o f a simulator as a working and economical tool 
hinges upon the a b i l i t y  o f i t s  algorithms to solve the pressure equations 
e f f i c i e n t l y . G Most o f the computer time is  spent in  performing pressure
1
so lu tions. For th is  reason, the best simulator is  the one which 
requires the minimum work during the pressure so lutions.
The pressure equations can be solved e ithe r by ite ra t iv e  or 
d ire c t methods.
Ite ra tiv e  methods are by fa r  the most common methods o f solving 
the pressure equations used in s im ulation. This is  because ite ra t iv e  
methods are easy to program and require less storage and less computation 
compared to ex is ting  d ire c t method algorithm s. Hence during the early 
years o f work in  th is  d is c ip lin e , the d ire c t so lu tion  techniques were 
almost completely abandoned as a so lu tion  process. However, in 
recent years w ith the development o f sparse matrix techniques, the 
d ire c t so lution process has become less co s tly , while producing as 
good a re s u lt. For th is  reason, d ire c t so lu tion  techniques are once 
again being considered in  reservo ir simulation areas.
The ex is ting  numerical methods (d ire c t or ite ra t iv e )  to solve 
the mathematical models o f petroleum reservoirs are time consuming.
Those methods consume d iffe re n t computer time when applied on reservoirs 
w ith d iffe re n t cha rac te ris tics .
The computer time is  expensive, therefore, a tool to choose 
the fa s te s t, most e f f ic ie n t  methods fo r  a given reservo ir is  needed.
A comparative study helps to  show the features o f each method. Such 
information leads to the choice o f the most economically su itab le  method.
The comparative studies done in  l ite ra tu re  are lim ite d  to two 
or three methods and most o f these comparative evaluations are done on 
a system o f simulaneous equations not as part of a complete sim ulation. 
Also most o f these comparative studies used idealized model o f fixed 
rates and square reservo ir w ith pre-determined flow co e ffic ie n ts .
Stone^^ has presented a comparison among the fo llow ing numerical 
procedures: a lte rna ting  d ire c tion  Im p lic it  (ADI), strongly Im p lic it
(S IP), po in t successive overrelaxation (PSOR), and point Jacobi. His 
study was in  terms o f computational work and res idua l. He used an 
Idealized square reservo ir w ith fixed  flow rates and a combination 
o f homogeneous regions. His resu lts  are presented In Figure 1.1. Stone 
concluded tha t both ADI and SIP possess convergence rates a great deal 
fa s te r than those of the other two methods. For homogeneous case, ADI 
Is s l ig h t ly  fas te r than SIP. However, SIP Is s ig n if ic a n tly  fas te r 
than ADI In case o f heterogeneous reservo irs. Also he concluded tha t 
PSOR Is more rapid than point Jacobi method.
Breltenbach, et a l.^  gave a very b r ie f comparison between Gauss 
e lim ina tion , PSOR, and ADI. For his model, he showed tha t PSOR and 
ADI are more e f f ic ie n t  than Gauss e lim ination fo r more than 9x26 
ce ll system. His resu lts  are shown In Figure 1.2.
W a t t s h a s  presented a comparison among ADI, SIP, lin e  successive 
overre laxation (LSOR), and corrected LSOR In terms o f accuracy. His 
resu lts  are shown In Figure 1.3. He concluded tha t fo r  two-dimensional 
s trong ly anisotropic problems, the corrected LSOR Is fas te r than 
other ava ilab le  techniques. However, In homogeneous Iso trop ic  square 
problem, the corrected LSOR Is slower than ADI, SIP, and LSOR.
Weinstein, e t a l.^ °  have compared SIP w ith ADI fo r  a two-dimensional 
two-phase model. Their resu lts  are shown in  Figure 1.4. They found tha t 
the computational work ra t io ,  which Is the ra tio  o f ADI computer time 
to  SIP computer time, generally Increases w ith  Increasing tra n s m ls s lb llIty  
(Pjj^ax^* T̂ Ĝy also found tha t ADI fa l ls  to converge fo r  higher 
tra n s m ls s lb llIty .
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Figure 1.4-Weinstein,et al.'s Comparative Study
Price and Coats^^ have presented a comparison among four d iffe re n t 
ordering schemes outlined in chapter V. A d ire c t so lu tion method is  
used w ith these ordering'schemes to solve idealized reservo ir problems. 
The Price and Coats study produces impressive resu lts  in  terms o f 
computational work reduction. However, these resu lts  in  computational 
work reduction are lim ite d  to the computer time involved in  e lim ination  
portion o f non-zero elements o f the equations system and do not include 
the add itiona l work required to reorder the c e ll system from standard 
ordering to the appropriate ordering.
From the afore-mentioned survey, a development o f a be tte r d ire c t 
method approach is needed. A more comprehensive comparative evaluation 
using a re a l is t ic  petroleum reservo ir is  also needed. This study w il l  
address these two areas.
CHAPTER I I  
RESERVOIR MODEL
The in troduction o f Darcy's law in to  the two dimensional 
con tin u ity  equation fo r  each o f the three immiscible f lu id  phases in 
petroleum reservoirs leads to the fo llow ing system of p a rtia l d if fe re n tia l 
equations :
n 3$^ . 30  ̂ Cl Pn*
S3T (hPo^o 37"^ ^ 37 (hOo^o  ̂ 7 t (^^o^o)
fo r  the o il phase,
h (hPŵ w - 37) + &  (^Vw-3y) +  ̂ I t  (OPwfw) (2.2)1
fo r  the water phase, and
a 3$. 3$n 3$w
37 (hPĝg "sf '̂sôPôo 17 ̂ ŝŵPŵw 17 ̂
a 30 30 30
+ 3ÿ (hPg^g 1 y  + '^so^^o^o 1 y  '^sw^^w^w 1 ÿ  ^
" ^  f  I t  ^ Rso^o^o + '2.3)
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fo r  the gas phase, 
where
X, = k ■ J = 0 , g, w (2.4)
 ̂ " j
These equations have been derived making the fo llow ing assumptions:
1) Darcy's law applies
2) Composition of each f lu id  phase Is constant
The generalized multiphase flow equation fo r the unsteady-state 
flow o f o i l ,  gas, and water In a porous medium Is developed by combining 
the three single-phase equations In to one basic equation. In order to 
do th is ,  we need to express the fo llow ing auxllury equations:
The potential terms are
* 0  "  '’o  + P o 9 0  ( 2 - 5 )
♦ g  '  P g  + P g 9 0  ( 2 - 6 )
*w “  P« (2.7)
the ca p illa ry  pressure terms are
Pew -  Po -  P« '2 .8)
Peg = Pg -  Pg <2-P)
and the saturation equation Is
So + Sg + Sw '  : (2-10)
Thus:
"at ' at a ï
aSn as. ss^
= 0  (2 . 11)
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The derivation  o f the generalized multiphase equation is  as fo llow s: 
Divide the o i l  equation (2,1) by and expand by d if fe re n tia t io n :
h
,  3(p.gD>
3y *  W  3y '
" ï ;  (*Po +4^0 *  Pq^o ^ - 3 Î >  -  ^
■  ( % < '  &  •  ^  S: > «
The water equation (2.2) is  divided by and expanded by d iffe re n tia t io n : 
&  -  &T ChX , (hX„ '3x ' w 3x' 3x ' w 3x ' 3x w 3x 
'  ^  (^Pw %  ^
The gas equation (2.3) is  divided by p^ and expanded by d if fe re n tia t io n :
.  &  (h x , ,
12
^ &  <*’^g + W  '  ^ - l y )
'  (*9g I t  ^ '^^g 3P^ I T  ■" PgSg - j f  )
( V o  + V w ^ i  '
( C '^>x ( ^  ="g + C’ V o ’ x ( ®*of 5«so + (hP „x„), , 3*wf ®''swj
pg ' 3X ' 3»g — ^   ̂ ax' 34, - 7 ^  ' 3x' 34*
. (  (5 ) P  5 .  +(hpQ^o)y ( Ü 2. /  ! V  4(hp„»„)y( !îw f ! V . j  ,2  14 ,
Pg ‘ s y '  34g —  Og ( ay' 34, ' 3y' 3 4 * '( 2 - ' '"
where
 ̂ ° ■ " f e ^  ^ ^  I t  (PPo^o’ - h C'Pô o “ si* • &  C’Pô o 1 7 ) '
+ 1; :  (h I t  ('*’Pw\> ■ h (hPŵ w “ 3T> ■ ly  C’Pŵw (^-'®>
Incorporating equations (2.1) and (2.2) in to  (2.15), we obtain
s  =  - (  P g P g *  -  R s o ^ P q *  -  V V w * '  /  ( P g A )  ( 2 - ' 6 )
Combining equations (2.10), (2 .11), (2 .12), (2.15) and (2 .16), we obtain
a 3Pn 2 9P  ̂ 3p.
37 (h^t - 3 7 ) 3y (h^t ~hÿ'̂  "  ^1 -a t + Bg + (2.17)
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Equation (2.17) has been derived using un ified  SI u n its , but i f  p ractica l 
un its (Appendix A) are used, equation (2.17) becomes
^  (h^t " w )  âÿ (h^t =
3Pn
11.57407408 + 11.57407408 Bg + Bg + 0.001 + Eg (2.18)
where the to ta l m o b ility  term is
•'t = -'o "  ^ (2-19)
the PVT term is
Bj = (S„C^ + S„C„ + SgCg + C,) (2 .2 0 )
I r  <2.24)
0
14
the production term is
the c a p illa ry  pressure term is
3P 3P
=3 4̂ 1 ^ 4 f »
3P 3P
^  ̂ &  (h\w —0%) h  (2.26)
the g rav ity  term is
 ̂ o,g,w . 3(p.gD) . 3(p.gD)
{ h l j
,-9D) -]
%r-U (2-27)
and the second degree deriva tive  term is
-  !  ; ' , l ï ù i L  ( % , ' %  * î ï M i  % ] '  % 1  > 1 ! .W
g J ^g J
Potential gradients are assumed to be small and the square o f such terms 
are neglected, therefore
Bg= 0 (2.29)
The fo llow ing a u x ilia ry  set o f equations are necessary to define
15
equation (2.18):
C ap illa ry  pressure equations
Pg - Pq = Peg '  <-Vg’V  (2-3°)
Po -  P« = Pew " f:(So'Sg'Swl (2-31)
Density equations
Po = fs (Po) (2.32)
P g  = ( P g )  (2.33)
Pw = fs (P^) (2.34)
Relative perm eability equations
k r o  =  f :  ( 3 o - 3 g - S „ )  ( 2 . 3 5 )
"rg  = (3o-3g’S„) (2-36)
krw '  (3o’ 3g.S„) (2.37)
Reservoir geometrjj' equations
D = fo (x ,y ) (2.38)
h = f io (x ,y )  (2.39)
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Rock property equations
k = f i i  C x ,y )  ( 2 . 4 0 )
^ ( ^ 0 '  i  |p “  ̂ ( 2 -4 1 )
0
S o lu b ility  equations
«s„ = f "  (P „) (2 -4 3 )
Viscosity equations
Uq = f i s  (Pq)  ( 2 . 4 4 )
Ug =  f i 6 ( P g )  ( 2 . 4 5 )
= f i 7 (P^)  ( 2 . 4 6 )
I n i t ia l  condition equations
Po(x,y,0) = Pg (x ,y) (2.47)
S g ( x , y , 0 ) = ( x , y )  ( 2 . 4 8 )
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S^(x,y,0) = (x ,y ) (2.49)
Boundary condition equations (Newmann type)
9P^
' 2 . 5 0 )
3P.
- 3 7 = 0  (2-51)
Equation (2.18) w ith the aux ilu ry  equations constitu te  a complete mathematical 
formulation o f the two-dimensional three-phase sim ulation problem using 
im p lic it  pressure e x p lic it  sa turation (IMPES) technique.
The mathematical deriva tion  is  s im ila r to tha t given by Peaceman 
and Rachford“  and Crichlow® except fo r  the SI un its incorporated in 
th is  derivation .
CHAPTER I I I
FINITE DIFFERENCE SYSTEM 
Equation (2.18) is  fa r  too complicated to be amenable to 
a na ly tica l so lu tion . This nonlinear p a rtia l d if fe re n t ia l equation is 
approximated by f in i t e  differences where a va rie ty  o f numerical 
techniques are adequate to solve i t .
This chapter develops the f in i t e  d iffe rence system necessary 
to solve equation (2.18). In applying d iffe rence techniques, the 
continuum o f space and time is  divided in to  d iscrete  in te rva ls .
Figure 3.1 shows the spatia l d iscre tized reservo ir system. Thus, the 
d iffe rence system is  defined only a t the points ( i ,n )  where i is  the 
location  o f the ce ll and n is  the time le ve l. Figure 3.2 shows the 
d e fin it io n  o f the ce ll system.
In th is  study, the im p lic it  pressure -  e x p lic it  saturation 
(IMPES) method w il l  be used. The IMPES method solves equation (2.18) 
im p lic it ly  fo r  pressure d is tr ib u t io n . The saturation d is tr ib u tio n  is 
then e x p lic it ly  calculated fo r  each po in t.
3.1 Im p lic it  Solution of Pressure
The f in i t e  d ifference form ulation o f equation (2.18) can be 
carried out by substitu ting  fo r  each term o f the d if fe re n t ia l equation 
the appropriate f in i t e  d ifference approximation. Here, the non ite ra tive
18
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A  Water in je c tio n  well 
O Oil production well 
^  Gas in je c tio n  well
Figure 3.1 -  Discretized Reservoir System
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AX'
0  i +
Typical c e ll - Top view
T
Typical ce ll - Side view
i - n
i -  1 i i  + 1
i + n
Typical ce ll - Arrangement
Figure 3.2 - Cell System D e fin itio n
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IMPES approach w il l  be used. Thus, the m o b ility , c a p illa ry  and g rav ity  
terms w il l  be evaluated a t the previous time le ve l. Hence equation
(2.18) becomes
&  (hAt + #  (hA; = 11.57407408 bJ ^  + OT (3.1)
fo r  s im p lic ity  the subscript "o" is  dropped from P.
Each term o f equation (3.1) can be differenced separately. The 
f in i t e  d iffe rence form o f the f i r s t  term on the le f t  o f equation (3.1)
1 1+^ 1 1 
?n _ pH pn _ pH
+  ̂ '  -  (h%t)x._^  ̂ } (3-2)
where the variables subscripted as i-k or i+% are the values o f those 
variables evaluated at the boundary between the i ' t h  and i- 1 ,  or i ’ th 
and i+ l  c e lls , respective ly . The parameter 0 is  a weighted fa c to r 
such th a t i f
0 = 0 ,  then the scheme is  e x p lic it
Q = h, then the scheme is  Crank-Nicholson
0 = 1 ,  then the scheme is  fu l ly  im p lic it
S im ila rly  the f in i t e  d ifference form o f the second term on the 
le f t  o f equation (3.1) is
n+i pO"*'l _ pO+1 pO+1 _ pn+1
&  (hA. ^ ) ,  = &  ( ( h x j „  — i -  - ( h x j „  - y — H i ,3y t  3y '1 Ay, t ' y , ^ ^  Ay,^.^ t ' y , . ^  A y , . ^
pO _ pH pO _ pO
« V y , ^ ^ - ' - t > y , _ ^ ^ >  (3-3)
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where the variables subscripted as i-%n or i+%n are the values o f those 
variables evaluated at the boundary between the i ' t h  and i-n ,  or i ' t h  
and i+n c e lls , respective ly.
The time deriva tive  o f pressure is  differenced as fo llow s:
where
At = t " * l  -  t "  (3.5)
A fte r the development o f the f in i te  d iffe rence equations fo r  
each term o f equation (3 .1 ), the linearized f in i t e  d iffe rence system 
can be w ritten  in  the fo llow ing  rearranged form






b. = -e^ -  â . - c^ -  f^ -  11.57407408 B^^/At (3.11)
23
the r ig h t  hand side is
d. = -11.57407408 B^-Pj/At + OT. (3.12)
where the variable OT̂  consists o f a l l  o f the values based on the la s t
time step and is  defined by
OT. = 11.57407408 Bg. + B^. +0 .00 1  B^- + ON. (3.13)
the Crank-Nicholson term is :
CN. = -  a ,P 5.j + (e, f  a, + c, + f,.) Pj
<3.14)
the weighted dimensions o f the ce lls  are
^ (^^ i + ^ / i - J  (3-15)
AXj_^, = % (Ax. + Ax^_^) (3.16)
AX^+^ = %( Ax^+i + Ax^) (3.17)
= isUyj+n + 4y,0 (3-18)
the PVT term is
B li = h {* i (SoC* + S«Cw + SgCg + C r 'i  (3-19)
The production term is
< ? ; -  V ’
(3.20)
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the ca p illa ry  pressure term is
^3i " ^3wi ■ ^3gi (3.21)
• a .  ■ " a ! " . ; " " ’ '
and the g rav ity  term is
^ o,g,w (p,-gD),-+i -  (p,-gD).
®4i =  -  Î  j
(p.jgD), -  (P j9 0 ){. l
-  A X .  A x , _ ^
•  ; Z " '
■  ' “ . V .  ■
(3.23)
I f  the f in i t e  d iffe rence approximation, equation (3 .6 ), developed 
fo r c e ll i is  w ritten  fo r a ll ce lls  in  the x-y rectangular mesh, a set 
o f lin e a r equations is  obtained. Those equations can be w ritte n  in  the 
fo llow ing matrix form:
X P  = d (3.24)
25
The form o f matrix depends upon the ordering scheme by which the ce lls  
o f the x-y mesh are lin e a r ly  indexed. This system o f equations can be 
solved e ith e r by ite ra tiv e  methods or by d ire c t methods. These methods 
w i l l  be discussed in  chapter IV, V, and VI.
3.2 E x p lic it  Solution of Saturations
The new o il saturation can be developed from the o i l  phase 
equation. Neglecting the second degree derivative  term in  equation 
(2 .12), the saturation time de riva tive  would be:
!o  &  W + V L  (3 25)
Pg at (p dt hcpAp̂
S im ila r ly , the new water saturation can be developed from the 
water phase equation. Neglecting the second degree deriva tive  term in 
equation (2.13), the saturation time deriva tive  would be:
a f  I ? '  W  — ) -  &  I T  '




The f in i t e  d iffe rence approximation o f the o i l  and water saturation 
equations is
pn+ l  . p n+1
^n+1 _ r .n  , 0.0864ât , fu, , 1+1 " i
1 1
 ̂ pH^l pH^'l _ pU+1
pH+1 pH+l . n n
where
(3.30)
' . +  ■ “ ” ■ •  - ' “ A , . ,
(3.31) •
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The gas saturation is  determined from equation (2.10)
:g , = 1 - 5o, -  \  (3.32)
3.3 D iscre tiza tion  o f the Flow C oe ffic ien t (hA)
The flow  co e ffic ie n t is  broken in to  three d iffe re n t un its  as 
fo llow s:
j ) x .  , "  (k rj)i_%  /  (^ y ) i (3.33)
I “ -5
(h\
’  ( ^ j^ i (3'34)
where j  = o,g,w
The c o e ffic ie n t (k%h)^_^ is  evaluated by averaging and h at
c e lls  i and i-1 .  The average k fo r  series flow  in lin e a r bed is '*
Ax. + Ax. 1
-  ' (3.35)
*i-%  ^^ i X
kx k 
^ i * i - l
The value o f h. i is  evaluated by considering a p ro file  o f two adjacentI -'i.
c e lls  as shown in  Figure 3.3. The shaded area in  Figure 3.3 is  equal to
h. , + h. Ax. Ax. .
'  ( Y -  (3.36)
but, th is  area is  also equal to
—  ( % ^  ) + ^  ( ^ )  (3.37)
28
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Equating equations (3.36) and (3.37) and solving fo r  h. % , we obtain
I
h. ,Ax. + h.Ax. ,
. "l-% = L , " '  (3-38)
Combining equations (3.35) and (3.38), we get
(i, hi - AXihi_i+AXi_ihj (3.39)
 ̂ X 'i-% A x . / k  +  Ax. ,/k
I A  • I “ 1 A  • 1
1 I - i
At the le f t  boundary where i-1  is outside the reservoir
= (k%h)i (3.40)
and a t the r ig h t boundary where i is  outside the reservo ir
' V ’ i-N  = (3.41)
w ith s im ila r equations fo r (k^h). j .
The extrapolated re a ltiv e  permeability method developed by Todd,
e t a l.iG  is  used to evaluate (k „)^  and (k_)„ fo r  o i l ,  water and
^ *i-%  ^
gas phases. For flow  in  the plus x -d irec tio n  (ascending values o f i )
For flow in  the minus x -d ire c tio n  (decreasing values of i )
AX;
'  S  ■ AX. + 'A x .„ i -  k r ,)  (3-'>3>
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The above two equations are subjected to the fo llow ing constraints:
1  0 (3.44)
^ *1-%
and
(k_)x < max {(k  ) , (k ) } (3.45)
 ̂ *1-% ^ ^1 *1-1
w ith s im ila r equations and constra in ts fo r  (ky.),,
^i-%n
I t  is  obvious from equation (3.42) and (3.43) that the method of Todd, 
e t a l.iG  is  based on the extrapolation o f re la tive  perm eability value 
a t the in terb lock location  based on the two upstream values. At the 
points where app lica tion o f equation (3.42) and (3.43) would re su lt in  
e rro r, the single point upstream re la tiv e  permeability is  used instead. 
This happens a t the boundary and near sink or source c e lls . The upstream 
equation fo r  flow in  the plus x -d ire c tio n  is
= k (3.46)
and fo r  flow in  the minus x -d ire c tio n  is
(k_). = k (3.47)
*i-%
with s im ila r equations fo r  (k ) . The flow chart fo r  the ca lcu la tion
i ~hr\
o f in te rb lock re la tiv e  perm eability is  given in Figure 3.4.
The v iscos ity  terms are evaluated at the ce ll i because the v isco s ity  













k = upper bound
Calculate k^







downstream c e ll
Calculate k^
based on two 
downstream c e lls
U>
Figure 3.4 - Flow chart fo r  the ca lcu la tion  o f in te rb lock re la tiv e  perm eability
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3.4 Boundary Conditions
Equations (2.50) and (2.51) are s a tis fie d  by the use o f re fle c tio n  
p rin c ip le .
= 0 = 0 (3.48)
’’i •  Pi-1 '  0 = 0 (3.49)
Pi+1 ■ Pi '  ° = 0  (3.50)
Pi+n -  Pi ' ' i  » h.+n (3-51)
I t  is  noticeable tha t these terms are associated w ith  certa in  flow  
co e ffic ie n ts  a l l  the time. Equations (3.48) through (3.51) can be 
replaced by
= 0 V i 5 hi-n = 0 (3.52)
= 0 V i a hi_l = 0 (3.53)
= 0 V i ? hf+l = 0 (3.54)
= 0 V i a hi+n = 0 (3.55)
where j  = o,w,g.
CHAPTER IV
ITERATIVE METHODS
The ite ra t iv e  methods are based on solving the system o f 
equations by successive approximations u n til the procedure converges to  
a pre-defined tolerance or an action due to the fa ilu re  o f convergence 
is  taken.
The most popular and e ffe c tive  ite ra t iv e  methods used in 
petroleum reservo ir simulation are
1. Successive Overrelaxation
2. A lte rnating  D irection Im p lic it
3. Strongly Im p lic it
These ite ra t iv e  methods w i l l  be used to solve the system o f linearized
equations whose general form is
® i^ i-n  ^ i^ i-1  ^ i^ i ^ i'^ i+ l  ̂̂ i^ i+n  "  ^ i
In th is  study, the maximum absolute re la tiv e  error of successive
ite ra tio n s  is  used as the convergence c r ite r io n . The maximum absolute 






fmax = max r ,  V 1 5  h, M  (4.3)
and
p'f -  p k 'i
r,  = r  (4.4)
4.1 Successive Overrelaxation
The most popular versions o f successive overrelaxation methods 
used in two dimensional petroleum reservo ir simulation are the point 
and lin e  re laxation .
Point Successive Overrelaxation (PSOR)
The PSOR method is  an ite ra t iv e  technique in  which improved 
estimate is  computed by applying the fo llow ing formula at each c e ll:
(^-5)
A fte r each po in t, the value o f P.j is  relaxed
pt^l = pk + w (pk+1 -  p'|) (4.6)
The factor w is  called the re laxation parameter, and its  presence 
accelerates the convergence process. The PSOR flow  chart is  given in 
Figure 4.1.
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Calculate using equation 4.5 
Relax Pj using equation 4.6 
Calculate r .  using equation 4.4
Figure 4.1 - PSOR flow chart
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Line Successive Overrelaxation (LSOR)
This technique resolves the two-dimensional problem to a 
succession o f temporary one-dimensional problems which can be solved 
rather e f f ic ie n t ly .  Equation (4.1) is  w ritte n  fo r  a general row as
V i - 1  ^ v r ^ V i t i  (4.7)
where
4  = 4  -  CiPl^n - f i^ i+ n  (4-8)
This equation forms a close-band trid iagona l m atrix which can be 
solved by the close-band Thomas algorithm outlined in  the next section. 
The values o f P.j obtained fo r  each row a t a time are relaxed
where i  is  fo r  a l l  the elements in  tha t given row. The LSOR flow  chart 
is  given in Figure 4.2.
Relaxation Parameter
An optimum re laxation parameter w is  necessary fo r  maximum 
e ffic ie ncy  o f overrelaxation methods. The selection o f th is  optimum 
value requires the development o f the re la tionsh ip  between the number 
o f ite ra tio n s  required fo r  convergence against a constant tolerance 
and the re laxation  parameter. Several abbreviated sim ulation runs are 
usually made w ith  various re laxion parameters. This data is  p lo tted
37
max
Do over a ll active rows
Do over a ll active 
c e lls  in  row j
Calculate d u s i n g  equation 4.8
Solve fo r  P. in  row j  using 
^  close-band Thomas algorithm
Do over a ll active 
ce lls  in  row j
Relax using equation 4.9 











Figure 4.2 - LSOR flow chart
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graphica lly  as shown in  Figure 4.3. The curve has a ch a rac te ris tic  
shape, and the best value o f u is  the lowest point on the curve.
Generally, the more homogeneous the system is ,  the closer the value
o f w to 1.0, while the value o f w approaches 2.0 as the degree o f 
anisotropy of the system increases.
The slope o f w curve is  close to lin e a r beyond the optimum w.
This implies tha t i t  is  generally be tte r to overestimate w than to 
underestimate i t .
4.2 A1ternating D irection Im p lic it  (ADI)
In the ADI^i method, each ite ra t io n  step is  divided in to  
two equal substeps. "During the f i r s t  substep the ce lls  are swept in  
the x -d irec tion  one row a t a time solving fo r  the unknown pressures. In
the second substep the system is  swept in the y -d ire c tio n  one column a t
a time solving fo r the unknown pressures."® The ADI flow chart is  given 
in  Figure 4.6.
X-D irecti on Sweep
Here only those terms contributed by (hA^ |^ )  and ^  w il l  
be assumed unknowns. Hence a t the k 'th  ite ra t io n , the general equation 
fo r  the x -d irec tion  sweep is
+ C.P^*J= = dx, (4.10)
where







1.0 1.25 1.5 1.75 2.0
Relaxation Parameter
Figure 4.5 - Typical Plot of Relaxation Parameter at Fixed Tolerance
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or
bx̂ . = b. + ê . + f .  - y ^-6 (4.11)
'  4  -  + '" i   ̂ f{ -  '̂ -B> i  -  f i i+ n  (4.12)
and 3 is  an acceleration parameter added to speed up convergence, 
is  the normalizing fac to r to account fo r  possible differences in  areal 
size of the c e ll and fo r  reservoir heterogeneity. The normalizing 
fac to r is  defined in  th is  study as
(4.13)
where
(hk'avg = I  (4 .” )
Equation (4.10) forms a close-band trid iagona l matrix which can be 
solved by close-band Thomas algorithm .
Close-Band Thomas Algorithm 
The equations are
^ i ^ i - l  + + c^^ i+ l ^ i
fo r  1 £  i  £  N with a^ = a  ̂ = 0 (4.15)
The algorithm is  as fo llow s: 






■  * iS i_ i
w ith C , =1 b i (4.17)
The values o f the unknowns (P^s) are then computed from
'’n '  4 i and
fo r  i = N-1, N -2 ,.. . ,1 (4.18)
the flow chart fo r  close-band Thomas algorithm is given in  Figure 4.4. 
y -D ire c ti on Sweep
a  3 p
Here only those terms contributed by (hX^ ^ )  and ^  w il l  
be assumed unknowns. Hence a t the k 'th  ite ra t io n , the general equation 
fo r  the y -d ire c tio n  sweep is
(4.19)
where
by. = -(e . + f .  + 11.57407408 B^./A t + y.g)
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Do over a ll active ce lls
Calculate using equation 4.16 
Calculate Ç. using equation 4.17
Do over a ll active  ce lls  
in reverse order
Calculate P. using equation 4.18
Return
■igure 4.4 - Flow Chart fo r Close -Band Thomas Algorithm
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or
by  ̂ = b- + a. + -  y -̂3 (4.20)
dYi = d. - a- + (a. + c. -  y-S) (4.21)
Equation (4.19) forms a wide-band trid iagona l matrix which can be solved 
by wide-band Thomas Algorithm.
Wide-Band Thomas A1qori thm 
The equations are
SiPi-n "  biP, + fiP{+n ° 4
for 1 1  i 1  N w ith e  ̂ = f^_  ̂ = 0 for 1 £  i 1  n (4.22)
The algorithm is  as fo llow s:
F irs t fo r  1 < i  < N, compute
e .f
= b ^  —^  w ith i;. = b̂  fo r  1 < i £ n  (4.23)
' i - n
and
d.
^ i "  --—- r . - w i t h  Ç. = pL fo r  1 < i  < n (4.24)
^i • -1
The values o f the unknowns are then computed from




P. = fo r  i=N-n , N - n - l , . . . , l  (4.25)
1 » Ç4
The flow chart fo r  wide-band Thomas algorithm is  given in  Figure 4.5.
ADI Acceleration Parameters
To achieve a fa s te r ra te o f convergence a series o f parameters 
used in  sequence is  employed. Crichlow® outlined the procedure o f 
Peaceman and Rachford’-̂  to determine the upper and lower l im its  o f the 
parameter range from the reservo ir data.
Four parameters are defined as functions o f the x- and y -d ire c tio n  
in terb lock tra n s m is s ib ilit ie s  (T^ and T^) and the number of c e lls  in  the 
X -  and y -d ire c tio n  (N^ and N^) in the fo llow ing manner
2T  ̂ 2
M, = .  (4.26)
 ̂ 'x  'y  4N‘
2T
M, = T - H -- (4.27)
X y
2T^ ^2
M3 = j - t p V  - V  (4.28)






I  k Ax.My.
Ty = H------------- (4.31)
45
Do over a ll active  ce lls
Calculate ç.. using equation 4.23 
Calculate using equation 4.24
Do over a ll active  ce lls  
in reverse order
Calculate using equation 4.25
Return




m ^ ^ ^  Yes j Ç = 0
No
ç = ç + l, { 6 (ç ) }
— Do over a ll active  ce lls
Calculate bx  ̂ using equation 4.11 
Calculate dx. using equation 4.12
Solve fo r  P. using close-band 
Thomas algorithm
~<^Do over a ll active ce lls
Calculate by  ̂ using equation 4.20 
Calculate dy^ using equation 4.21
Solve fo r  using wide-band
Thomas algorithm
 ..............  Z 3 :
Do over a ll active  ce lls
Calculate r^ using equation 4.4
r m a ^
. Yes 






Figure 4.6 -  ADI flow chart
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The lower l im it  o f the acceleration parameter is  calculated from
Bmin = (4.32)
and the upper l im i t  is  calculated from
3max = maxfMg.M^) (4.33)
Several a u t h o r s ^ ® h a v e  pointed out tha t the acceleration parameters 
should be in  a geometric series such tha t
^k+1 ^ (4.34)
where r  is  the constant m u lt ip lie r  defined by
where m is  the number o f acceleration parameters in  the system.
These equations are only a guide and the user must experiment in  
order to obtain an adequate lower value fo r g. Since the convergence 
is  very sensitive  to
4.3 Strongly Im p lic it  Procedure (SIP)
The strongly im p lic it  procedure is  an ite ra t iv e  technique developed 
by Stone^^. SIP involves the so lu tion o f the system o f simultaneous 
lin e a r equations by an e lim ination process working on a modified version 
o f the o rig ina l m atrix system. The o rig in a l pentadiagonal matrix % is
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transformed to a heptadiagonal m atrix B which is  more eas ily  factorab le  
in to  an LU product. The L and U matrices have only three nonzero elements 
in  each row in  contrary to the fa c to riz a tio n  of matrix %. A ll SIP associated 
matrices are shown in Figure 4.8 through 4.12. The SIP flow  chart is  
given in  Figure 4.13.
The elements o f L and U cannot be selected in  such a way tha t the 
o r ig in a l JÎ matrix is  iden tica l w ith  m atrix B. Two matrices are equal 
i f  th e ir  corresponding elements are equal. This would lead to  the 
fo llow ing set o f re la tions fo r  each c e ll po in t i :
4 = " i (4.36)
9i = 0 (4.37)
4 = " i (4.38)
= hi (4.39)
s- = s- (4.40)
hi = 0 (4.41)
= f i (4.42)
The elements o f B are defined in  Figure (4.10) and (4.12). The above 
seven re la tionsh ips (equation 4.36 through 4.42) cannot a ll be s a tis fie d . 
Hence, the transformation o f to  B involves the additional o f two 
new elements in  equation (4 .1 ). These two elements are associated with 
the c e lls  ( i-n+  1) and (i+ rrl)w hose co e ffic ie n ts  we shall c a ll g  ̂ and 




Figure 4.7 - Cell Arrangement
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The new coe ffic ie n ts  are m u ltip lied  by and , which are obtained by 
Taylor's series expansions.
1̂ = Pi-n+l - “ ' - " i  "  ' i-n  "  ' i+ l)
2̂ = ^i+n-l - o(-Pi + Pi-1 + Pi-f )̂ (4-44)
where a is  the ite ra tio n  parameter which accelerates the convergence 
process. The influence o f the new co e ffic ie n ts  is  minimal since s  ̂ and 
Eg are very small.
The addition o f the new elements to equation (4.1) resu lts  in
+ hi ( ' i+ n -1  -  = ( - ' i  + ' i - 1  + ' i+ n »  = ' ' i  (4-45)
or
(®i - “ Si> 'i- n  + 9 i'i-n + l * (4i - Shi) ' i -1
+ (b^ + aĝ . + ah.) + (c- - ag^)
h i'i+ n -l + (f{ - Shi) 'i+n '  4  (4-46)
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The modified c o e ffic ie n t matrix JL is  shown in  Figure 4.8.
The strongly im p lic it  procedure consists o f an algorithm fo r  
odd-numbered ite ra tio n s  and another fo r  even-numbered ite ra tio n s . Suarez 
and Farouq A li^^  have presented a comparison among the three
versions o f SIP method. They concluded tha t the two equations o f
SIP (odd and even) when used give the best resu lts . Hence, a combination 
o f odd and even algorithms w il l  be used in th is  study.
Odd-Numbered Ite ra tio n  A1qorithm
In odd-numbered ite ra tio n s , the L and U matrices are chosen as 
shown in  Figure 4.9. With th is  choice, the coe ffic ie n ts  o f matrix 
B(=LU) would be as shown in Figure 4.10. Furthermore, the modified 
heptadiagonal JL m atrix is  iden tica l to  B. This is  done by the fo llow ing 
re la tions fo r each ce ll i :
Ê. = e  ̂ - aĝ . (4.47)
EiC. = 9 ,  (4 .48 )
A.J = a  ̂ - aĥ . (4.49)
Fi_^ + A.J = b.j + ctĝ  + ah.j (4.50)
B.J C. = ĉ  -  aĝ . (4.51)
A. F i_ i = h. (4.52)
BiF i = f .  -  ah. (4.53)
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Modified % m atrix
f,- - aĥ .
ag.
+ ag^ + ah^
- aĥ -
- ag.













c : = B,Cj
\ F i - l
f ' i B. F,
Figure 4.10 - B matrix fo r  odd-numbered ite ra tio n s  
(C oeffic ients in  terms of L and U elements)
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The algorithm  o f the odd-numbered ite ra tio n s  is  as fo llow s:
Given
BP = D (4.54)
where
B = LU (4.55)
Therefore
LUP = D (4.56)
Letting
UP = y (4.57)
Then
Ly = D (4.58)
Solving equations (4.58) and (4,57) successively fo r y and P respective ly
and
y = L 'lg  (4.59)
P = U'ly (4.60)
Equations (4.47) through (4.53) can be used to compute the 
elements o f L and Ü matrices recursive ly fo r  i= l ,2 , . . . ,N  as fo llow s:
9 i = l-q
3-Î P < _i
*̂ i " aF. ,+ l (4.62)
I - i
Ej = Q. -  aĝ . (4.63)
= a. -  ah^ (4.64)
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= b̂ . + aĝ . + aĥ . -  F\_^ - A. C -̂_j (4.65)
= (c^ - ag^)/B . (4.66)
F. = ( f .  - o h j)/B . (4.57)
The intermediate vector y is  computed by forward substitu tion .
7 i = (d^ - E. y._^ - A. y ._ i) /B . , i  = 1.2 N (4.68)
The pressure vector is  calculated by backward su b s titu tio n .
Pi = Yi - C^Pi+i - F. P .^  , i = N, (4.69)
Even-Numbered Ite ra tio n  Algorithm
In even-numbered ite ra tio n s , the L and U matrices are chosen 
as shown in  Figure 4.11. Whith th is  choice, the coe ffic ien ts  o f matrix 
B(=UL) would be as shown in Figure 4.12. Furthermore, the modified 
% matrix is  iden tica l to B. This is  done by the fo llow ing re la tions 
fo r  each c e ll i :
Ei B.= e. - ag^ (4.70)
c, = g, (4.71)








Figure 4.11 - L and U matrices for even-numbered iterations
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e ';  =












Figure 4.12 - B matrix fo r even-numbered ite ra tio n s  
(C oeffic ients i i i  terms of L and U elements)
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+ Ĉ. A^+2 + + ag^ + aĥ . (4.73)
- ag.j (4.74)
F. = h, (4.75)
= f.j -  ah. (4.76)
The algorithm o f the even-numbered ite ra tio n s  is  as fo llow s ;
Given
BP = D (4.77)
Where
B = UL (4.78)
Therefore
ULP = D (4.79)
L e tt i ng
LP = y (4.80)
Then
Uy = D (4.81)
Solving equations (4.81) and (4.80) successively fo r  ^  and P respective ly:
and
y = U“ D̂ (4.82)
P = L 'ly  (4.83)
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Equations (4.70) through (4.76) can be used to compute the elements 
o f L and U matrices recurs ive ly fo r  i=N, as fo llow s;
l+ri
= f^ - aĥ . (4.86)
Ĉ. = c  ̂ - aĝ . (4.87)
B- = b. + ag. + ah. - C- 2^+^ (4.88)
A. = (a. - ah.)/B . (4.89)
Ej = (ê . -  ag .̂)/B .̂ (4.90)
The intermediate vector y is  computed by backward su b s titu tio n .
y.j = (d̂ . - Ĉ. y^+i - F. y^+^ )/B .̂ , 1=N,N-1,...,1 (4.91)
The pressure vector is  calculated by forward su b s titu tio n .
p,. = y, -  E, Pj -  A. , i -  1 ,2 , . ..N (4.92)
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Ite ra tio n  Parameter a




2N  ̂ (1+ Ç) 2NJ (1 + 1/C)
(4.93)
where
_  y x
Stone concluded tha t a minimum o f four parameters is  desirable 
and each parameter is  to be used twice in succession fo r  odd and even 
numbered ite ra tio n s  respective ly. Also, the ind iv idua l parameters should 
be geometrically spaced as fo llow s:
i-1
=1 " 1 -  (1  -  “ max’ (4.94)




Calculate a using equations 4.93 and 4.94
Ç = 4 = 0
No
r = 0  max
k = k + 2 
ç = ç + l , { a (  ç)}
Calculate the co e ffic ie n ts  o f L and U 
fo r odd - numbered ite ra t io n  using 
equation 4.61 through 4.67
Solve fo r  y . , i 
Solve fo r  P^, i
1 , 2 , . . . ,N(equation 4.68)
N, N - l , . . . , l  (equation 4.69)
Calculate the c o e ffic ie n t o f L and U 
fo r  even-numbered ite ra tio n  using 
equations 4.84 through 4.90
Solve fo r  ŷ . , i  = N, N - l , . . . , l  (equation 4.91) 
Solve fo r  P^, i = 1 ,2 , . . . ,  N (equation 4.92)
Do over a l l  ac tive  ce lls
Calculate r^ using equation 4.4
r .  >






Figure 4.13 - SIP flow chart
CHAPTER V 
DIRECT METHODS
D irect methods are those in which the so lu tion  to  the system 
o f equations is  obtained upon the completion o f a f in i t e  number o f 
a rithm etic  operations. A ll d ire c t methods require the same number o f 
arithm etic  operations^!, but the most popular d ire c t method used in 
reservo ir simulation is  the LU fa c to riza tio n . The LU fa c to riza tio n  
method w ill be outlined to solve the fo llow ing system o f equations 
(see Figure 5.1):
A P = d  (5.1)
Thereafter, the band and sparsity matrix techniques w il l  be reviewed.
5.1 LU Factorization
This algorithm has been developed by Crout? and i t  involves 
the decomposition o f the co e ffic ie n t matrix in to  a lower tr ia n g u la r matrix 
and an upper tr ia n g u la r m atrix. This decomposition is  followed by two 
consecutive su b s titu tio n  steps to compute the answer. The scheme of 
th is  technique is  as fo llow s:
Given
A P  = d
then
A = LU (5.2)
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Figure 5*1 " A  5 = d System of Equations
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LUP = d (5.3)
UP = y (5.4)
Ly = d (5.5)
Solving equations (5.5) and (5.4) successively fo r  y and P respectively:
and
y = (5.6)
Hence, the LU fa c to riza tio n  technique consists o f two major steps, 
the computation o f L and U and the back subs titu tion .
Computation o f J. and
l i j  = 0 i f  i  < j  (5.8)
" i j  = 0  i f  i  = j  (5.9)
= 0 i f  i > j  (5.10)
fo r i = 1 ,2 , . . . ,  N and j  = 1 ,2 , . . . ,  N
T il = a i l  , i = 1 ,2 ,... ,N  (5.11)




h i  hz h3












Figure 5*2 - L U Factorization of X
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The rest o f the elements are calculated fo r m = 2 ,3 , . . . ,N  as fo llow s: 
m-1




""mm k = l
The matrices L and U can be designated by a composite m atrix d such 
tha t d = L\U meaning
, 
"mj = r r  <*mj -  L   ̂ ‘   " <5-l'*)
C,j = I , - ,  i  i  j  ; = u . , ,  i  < j  (5.15)IJ
Back Substitution
Yl = d^ / l i i  (5.16)
1 i-1
y,- =1—  (dj - i  l iuyr)  » i = 2 , 3 , . . . , n  ( s .17)1 I . .  1 I K  K
Pfj = y|(i (5.18)
N
p,- = y,- -  I  u.rP. , i = N-1,N-2, . . . ,1  (5.19)
 ̂  ̂ k = i+ l
5.2 Qrdering Schemes
In reservo ir simulators using im p lic it  pressure e x p lic it  saturation 
technique, the c o e ffic ie n t m atrix (m atrix JL in  equation 3.24) is  a sparse 
m atrix . The order o f the unknowns o f such a sparse system o f lin e a r
algebric equations d ra s tic a lly  a ffec ts  the amount o f computation and
storage requirements.
Price and C o a tsp re se n te d  four d iffe re n t ordering schemes 
based on optimal ordering. The work and storage involved are given 
as functions o f the size o f c o e ffic ie n t m atrix. These ordering
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schemes are standard, diagonal, a lte rna ting  po in t, and a lte rna ting  
diagonal. McDonald and Trimble^ presented a f i f t h  ordering scheme 
th a t we w il l  ca ll a lte rna ting  lin e . The work requirement fo r  th is  
scheme is  also presented.
1. Standard Ordering: In th is  scheme, the ce lls  are numbered
consecutively along the rows or columns s ta rting  with the shortest 
d ire c tio n  to reduce the numerical computation. Figure 5.3 depicts 
such an ordering scheme in two dimensions.
The resu lting  c o e ffic ie n t matrix corresponding to standard 
ordering is  o f a pentadiagonal form as shown in  Figure 5.5.
2. Diagonal Ordering: In th is  ordering, the ce lls  are
numbered consecutively along the diagonals s ta rting  w ith the
shortest d ire c tio n . This ordering scheme is shown in Figure 5.4.
The resu lting  c o e ffic ie n t m atrix corresponding to diagonal 
ordering is  shown in  Figure 5.6.
3. A lternating Point Ordering: In th is  ordering, the ce lls
are numbered such th a t each po in t is  separated from i t s  adjacent 
number by a t least one other po in t.
The resu lting  c o e ffic ie n t m atrix corresponding to a lte rna ting  
po in t ordering scheme of Figure 5.7 is  shown in  Figure 5.9.
4. A lte rnating  Diagonal Ordering: In th is  scheme, the ce lls
are numbered consecutively along a lte rna ting  diagonals. This 
ordering scheme is shown in  Figure 5.8.
Figure 5.10 shows the re su ltin g  co e ffic ie n t matrix corresponding 





1 1 6 11 16 21 26
2 2 7 12 17 22 27
3 3 8 13 18 23 28
4 4 9 14 19 24 29
5 10 15 20 25 30
Figure 5*3 ~ Standard Ordering
1 2 3 4 5 6
1 1 • 3 6 10 15 20
2 2 5 9 14 19 24
3 4 8 13 18 23 27
4 7 12 17 22 26 29
11 16 21 25 28 30
Figure ^ .4 -  Diagonal Ordering
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b e  f
a b c  f
a b c  f
a b c  f
a b f
e b c f
e a b c  f
e a b c  f
e a b c  f
e a b f
e b c f
e a b c  f
e a b c  f
e a b c  f
e a b f
e b c f
e a b c  f
e a b c
e a b c  f
e a b f
e b c f
e a b c  f
e a b c  f
e a b c  f
e a b f
e b c
e a b c
e a b c
e a b c
e a b
f
Figure 5 .5-Matrix JL Corresponding to Standard Ordering
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b c f  
b c f  
e b c f
a b c f
e a b c f
e b c f
a b c f
e a b c f
e a b c f
e b c f
a b f
e a b c f
e a b c f
e a b c f
e b c f
e a b f
e a b c f
e a b c f
e a b c f
e b c
e a b f
e a b c f
e a b c f
e a b c
e a b f
e a b c f
e a b c
e a b f 
e a b f
e a b




1 1 16 2 . 17 3 18
2 19 4 20 5 21 6
3 7 22 8 23 9 24
4 25 10 26 11 27 12
13 28 14 29 15 30
Figure 5*7 " Alternating Point Ordering
6 = I
J = 5
1 1 17 4 21 9 26
2 16 3 20 8 25 13
3 2 19 7 24 12 29
4 18 6 23 11 28 15
5 22' 10 27 14 30
Figure 5*8 - Alternating Diagonal Ordering
72
b c f
b a c f
b a c f
b e a c f
b e a c f
b e a f
b e c f
b e a c f
b e a c f
b e a c f
b e a c f
b e a f
b e c
b e a c
b e a c
a c f  b
a c f  b
a f  b
e c f  b
e a c f  b
e a c f  b
e a c f  b
e a c f  b
e a f  b
e c f  b
e a c f  b
e a c f  b
e a c b
e a c b
e a b
Figure 5 .9-Matrix ^  Corresponding to A lternating Point Ordering
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c f
a c f  
e a c f  
e c f  
a f
e a c f  
e a c f  
e a c f  
e c f
e a
e a c f  
e a c f  
e a c 
e a f  
e a c
a c f  
e c f  
a c f  
e a c f  
e a c f  
e c f
e a f
e a c f  
e a c f  
e a c f  
e c
e a f  
e a c f  
e a c 
e a
Figure 5 .10-Matrix JL Corresponding to A lte rna ting  Diagonal Ordering
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5. A lternating Line Ordering: In th is  ordering, the ce lls
are numbered consecutively along the shortest rows or colums, in  an 
a lte rna ting  pattern. Figure 5.11 depicts such an ordering scheme.
Figure 5.12 shows the resu lting  c o e ffic ie n t m atrix corresponding 
to a lte rna ting  lin e  ordering scheme.
Here a summary o f the work and storage requirements o f an I x J 
two-dimensional mesh is  presented with large I and J such tha t J <_ I .  
The work is  defined as the number o f m u ltip lica tio n s  and d iv is ions 
necessary to solve fo r  the unknowns without operating on zero elements 
The storage is  required only fo r nonzero elements.
Ordering Scheme Work Storage
Standard IJ3 IJ"
Diagonal
A lte rnating  Point IJ32
IJ"
2
A lte rnating  Line IJ '2
A lternating Diagonal IJ ' J"̂  2 4
IJ " J ' 
2 6
Table 5.1 - Work and Storage Requirements fo r  Ordering Schemes
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J = 5
1 2 3 4 5 6
1 1 16 6 21 11 26
2 2 17 7 22 12 27
3 3 IS 8 23 13 28
4 4 19 9 24 14 29
5 20 10 25 15 30
Figure 5.I l  -  A ltem atixig Line Ordering
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b e  f
a b c  f
a b c  f
a b c  f
a b f
b c e f
a b c  e f
a b c  e f
a b c  e f
a b e f
b c e f
a b c  e f
a b c  e f
a b c  e f
a b e f
f  b c
e f  a b c
e f  a b c
e f  a b c
e f  a b
e f  b c
e f  a b c
e f  a b c
e f  a b c
e f  a b
e b c
e a b c
e a b c
e a b c
e a b
Figure 5.12-Matrix JL Corresponding to A lte rna ting  Line Ordering
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5.3 Generate - and - Solve A1qorithms
The optimal ordering technique can be improved by the use o f 
processes which are geared s p e c if ic a lly  to the d ire c t so lu tion . One 
method is  the generate - and - solve algorithms used by Woq,et al^^ 
in  reservo ir simulation. Their method makes use of the computer arch itecture 
in  developing the algorithm . The basis o f the method is  summarized by 
Crichlow® as fo llows:
1. In a given matrix there is  a fixed  number o f n o n tr iv ia l 
operations required to solve the system by some given d ire c t 
scheme.
2. The solution process produces some nonzero elements which 
w i l l  always be present at a given ( i , j )  location in  the 
m atrix.
3. I f  the location o f a ll nonzero quantities is  fixed  a p r io r i 
both in the matrix and in i t s  so lu tion , then a s tra ig h t­
forward, nonbranching, nonlooping computer code can be 
developed to solve th is  system very e f f ic ie n t ly .
The major drawback o f th is  technique is  the fa c t th a t i t  requires 
large storage and overhead work to store and generate the nonlooping 
computer code.
5.4 Band Matrix Technique
D irect processes, although they are conceptually easy, are 
ra re ly  used without extensive m odification to  solve the pressure system 
in  sim ulation because these processes usually require large computer 
storage space and long computation times, unless special techniques 
such as band matrix or spars ity  are employed.
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The treatment o f zeros w ith in  the bands as non-zeros is  called 
band matrix technique. The band matrix algorithm w il l  be applied 
on standard ordering which we w il l  c a ll STBAND.
STBAND
For band m atrix technique applied on standard ordering, a ll 
elements between F-vector and E-vector in  Figure 5.5 are assumed to 
be nonzero.




**n,j = f j (5.23)
the general equation o f STBAND would be
1 < j  < N, N > n (5.24)
The algorithm used is  as follows^®:
“ i , j  ^ *^i>j ^ ^ fo r i  ^  j  (5.25)
= 0 fo r  i  > N + 1 -  j  (5.26)
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Forward Solution ( j  = 1 ,2 ,. .. ,N )  
k=n
“ i , j  ~ ^ i , j  “ k= i+ i ^ k . j^ k - i . j - k  , i = n, n -1 , . . . , 1  (5.27) 
k=n
“ k . / fc . j-K  (S-28)
^ i , j  " ^ i , j  “  k=i+ l °^k-i , j '^ k , j-k + i  ̂ ~ (5.29)
'  ^=2 ° t , jY j - k )  (5.30)
Backward Solution ( j  = N, N -1 , . . . ,  1)
~ “ ^=2 ^k ,j^ j+ k  (5.31)
CHAPTER VI
A NEW APPROACH TO THE APPLICATION 
OF DIRECT METHODS IN PETROLEUM RESERVOIR SIMULATION
The ye t known systematic optimal ordering in petroleum reservoir 
simulation is  a lte rna ting  diagonal as shown in  Table 5.1. However, 
there is  a major drawback to th is  ordering scheme. In a lte rna ting  
diagonal scheme, the elements in  the upper r ig h t and lower le f t  corners 
o f matrix do not form a perfect secondary diagonals as shown in Figure 
5.10. This problem forced us to use band algorithm which trea ts  the 
zeros w ith in  the band as nonzeros. The band algorithm was discussed 
in  the preceding chapter. The treatment o f the zeros as nonzeros 
makes the band m atrix technique require a la rger storage space and 
more computational labor.
6.1 Restricted A lte rna ting  Diagonal Qrderi ng
Here a m odification to the a lte rna ting  diagonal ordering that 
produces perfect secondary diagonals in the orginal iL m atrix is  proposed. 
This ordering w il l  be called re s tr ic te d  a lte rna ting  diagonal (RAD). 
Figures 6.1 and 6.2 depict the RAD ordering. Figures 6.3 and 6.4 
show the re su lting  c o e ffic ie n t matrix corresponding to  RAD ordering 
scheme.
The numbering o f th is  scheme must go along the shortest diagonal 
to reduce the band width o f the new nonzero elements th a t w i l l  be
80
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Figure 6,1 - RAD Ordering Along the Shortest Diagonal
Figure 6.2 - RAD Ordering Along the Longest Diagonal
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e c a f  
e c a f  
e a 
e c a f  
e c a f  
e a 
e c a f  
e c a f  
e a 








a f  
a f  
c f  
e c a f  
e c a f  
c f
e c a f
e c a f  
c f  
e c a f  
e c a f  
c f  
e c a f  
e c a f
b 0 0 0 0
0 b 0 0 0 0
0 0 b 0 0 0 0
o o o b o o o o  
o o o o b o o o o  
o o o o b o o o o  
o o o o b o o o o  
o o o o b o o o o  
o o o o b o o o o  
o o o o b o o o o  
o o o o b o o o o  
o o o o b o o o  
0 0 0 0 b 0 0
0 0 0 0 b 0
0 0 0 0 b
Figure 6 .3^-Matrix JL Corresponding to RAD Along the Shortest Diagonal
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f
a f  
a f  
a f  






a f  
a f  
a f  





a f  
a f  
a f







e c a f
e c a f
e c a f
e c a f
c f
e c a f
e c a f
e c a f
e c a f
b 0 0 0 0
0 b 0 0 0 0 0
0 b 0 0 0 0 0 0
0 b 0 0 0 0 0 0
0 0 0 0 b 0 0 0 0 0 0
0 0 0 0 0 b 0 0 0 0 0 0
0 0 0 0 0 0 b 0 0 0 0 0 0
0 0 0 0 0 0 b 0 0 0 0 0 0
0 0 0 0 0 0 b 0 0 0 0 0 0
0 0 0 0 0 0 b 0 0 0 0 0
0 0 0 0 0 0 b 0 0 0 0
0 0 0 0 0 0 b 0 0 0
0 0 0 0 0 0 b 0 0
0 0 0 0 0 0 b 0
0 0 0 0 0 0 b
Figure 6.4 - Matrix ÎL Corresponding to RAD Along the Longest Diagonal
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generated la te r  in  the process o f fa c to riz a tio n . This w i l l  be 
obvious when we compare Figures 6.3 and 6.4.
6.2 LU Factorization Applied to RAD
In the process o f LU fa c to riza tio n , no new elements w i l l  be 
generated except fo r the elements in  the lower r ig h t corner o f the 
matrix as shown in Figures 6.3 and 6.4 where the new elements are 
entered as small c irc le s . The new elements form a band o f width 
equals (2m -l), where m is the semi-bandwidth o f matrixJL.
The semi-bandwidth m fo r  RAD scheme is  defined as fo llow s:
m = L j + 2 (6.1)
where L^ is  the length o f the diagonal along which numbering is  
applied.
The upper section o f m a t r i x a n d  C has a length o f , while 
the length o f the lower section o f A  and C is  . These terms are 
defined as fo llow s:
= N/2 , i f  Nj is  even
} ( 6.2)
= (N-m)/2 + m , i f  Ny is  odd 
and = N - (6.3)
where is  the number o f diagonals in the system.
The work requirement, when LU fac to riza tio n  is  applied to  RAD 
to solve the pressure equations is
W = 2N + 5N̂  + (16 + mZ)N (6.4)
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and the storage requirement is
S < 5N + (2m-2)N^ (6.5)
The applica tion o f LU fa c to riza tio n  to  the RAD o f Figure 6.5 
resu lts  in the composite matrix CÎ o f Figure 6.6. The RAD scheme 
consists of the computation o f Cj and the back su b s titu tio n . These 
two steps are outlined next.
Computation o f the Composite M atrix CÎ(=L\U)
The elements in the le f t  h a lf o f m atrix d are the same as 
those o f matrix X
In the process o f fa c to riz a tio n , there are no new elements 
introduced in  the upper r ig h t corner o f m atrix Cj, but the ex is ting
elements are modified fo r j  = 1 ,2 , ...,N y  as fo llow s:
(6.6)
'  C j/b j (6.7)
(6.8)
'  f j / b j (6.9)
There are 2m-2 new vectors introduced in the lower r ig h t 
quarter o f matrix d in  the process o f fa c to riza tio n  as shown in  Figure 
6.6. These vectors and the princ ipa l diagonal vector are calculated 
in to  two steps. The f i r s t  step is  the computation o f the contribu tion  
o f the mutual product o f vectors A,C,E and F. There are 8 vectors out 
o f the 2m-2 vectors which receive such con tribu tion . This contribution 


















Figure 6.6 - The Composite Matrix Q of RAD
88
G l, j =-*j+Nu (G.IO)
Gg.j '  -*j+Nu "o' - "o + \ * j+ l (G .ll)
®3,0 '"j+Ny "j+1 (6.12)
g;  . = 0 , 1 = 4 ,5 ,...,m -2  (6.13)
1 50
Gm-l.j = -*j+Ny -3j+Nu *j+m-2 (6.14)
6m,j ĵ+Ny ®j+Ny "j+Ny ^j+1 ĵ+Ny "j+m-2 ^j+N^ ®j+m-l
(6.15)
« Î.0  "  -fj+m-1 V n,  (6-16)
"2.0 ' -fj+m-2 *j+Nu -:j+m-l fj+N^ (6-1?)
"3,0 '  -3j+m-2 *o+Nu (6-18)
HT . = 0 , i = 4 ,5  m-2 (6.19)• >J
" fj+ 1  Cj+Ny ‘ ^j+m -l (6.20)
In the second step, a l l  the computation is  w ith in  the lower 
r ig h t  quarter o f matrix Q. In th is  step the elements are subdivided 
in to  three groups as shown in  Figure 6.7. These groups are chosen in  
such a way tha t the indices can be precalculated and eas ily  programmed,
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1 1 
0 1 1 
0 1
0 1 1 
0 1 1 
0 1 1 
0 1 
0
1 1 1 
1 1 1 1  
1 1 1 1
1 1  1 1 1 1  
O i l  1 1 1 1  
0 1 1 1 1 1 1  
0 1 1 1 1 1  
1 1 1 1 2 2 2 2
1 1 1 1 2 2 2 2
1 1 1 1 2 2 2 2
1 1 1 1 2 2 2 2
1 1 
1 1 1 
1 1 1 1  
1 1 1 1 1  
2 2 2 2 2 2 
2 2 2 2 2 2 2 
2 2 2 2 2 2 2 2  
2 2 2 2 2 2 2 2 2
1 1 1 1 2 2 2 2 " •  2 2 2 2 2 2 2 2 2 ' 2
0 1 1 1 2 2 2 2 • *  2 2 2 2 2 2 2 2 2 ' 2 2
0 1 1 2 2 2 2 • •  2 2 2 2 2 2 2 2 2 • 2 2 2
0 1 2 2 2 2 • •  2 2 2 2 2 2 2 2 2 ' 2 2 2 2
0 2 2 2 2 • •  2 2 2 2 2 2 2 2 2 • 2 2 2 2
0 2 2 2 • •  2 2 2 2 2 2 2 2 2 • 2 2 2 2
0 2 2 • •  2 2 2 2 2 2 2 2 2 • 2 2 2 2
2 2 2 2 2 2 2 2 2
2 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 2  
0 2 2 2 2 2 2 
0 2 2 2 2 2
2 2 2 2 
2 2 2 2 
2 2 2 2 
2 2 2 2 
2 2 2 2 
2 2 2 2
Figure 6.7 - The lower r ig h t quarter o f matrix (j o f semi-bandwidth m 
(The number indicates the group o f the element)
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Furthermore, th is  choice provides a programming procedure fo r  th is  
complex problem w ithout using any i f  statement which results in a 
reduction o f computer time. The computations w ith in  these groups 
are outlined next.
Group £
No more computation is  needed 
Group £
For i = l ,2 ,3 , . . . ,m  calculate
«1,1 '  «1.1 '  Gm,l (6-211
Then ca lcu la te  fo r  j  = 2 ,3 ,...,m -3
« i j ' C T  V l , j >  ' 1 = 2 .3 .... j+2 (6.23)
IHj J
'  " m - l. j  /  Gm.j (6-24)
Group 2
For j  = m - 2 , m - l , . . . ,  - 1 ca lcu late
G i. j '  «m-k.j-k-m+i ’ 1 = 2 .3 ........... m ( 5 . 2 5 )
91
/  ^m,j (6.26)
-  L  W k ■’='■=-’"'-1
Then calculate
m-1
®m,Ni = % . N ,  -  ^  V k . N ,  “m - k .N i - k  (G 2 8 )
Back Substitu tion
7 j = d j/b j , j  = 1 ,2 ,..,Ny (6.29)
' j  'G —,].N^ +m-2
m-1
"^j^j+Ny+m-l " 6k,j_N^^ ^j-m+k) ’  ̂ ~ ^^+1,...,%  (6.30)
(6.31)
m-1
" j  '  ^0 -  I ,  ” k ,j-N „ "j+m-k ’ j  =  (6.32)
’’ j  '  ■ f jP j+ N y  ■ * j 2 j - l + N u  -  C jP j-m +2+Ny -  ® ? j - l« + l+ N ^
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6.3 Impiementation o f RAD Scheme in to  the Simulation Package
To implement the re s tr ic te d  a lte rna ting  diagonal ordering scheme 
in to  the sim ulation package, the fo llow ing steps are performed;
1. The standard ordering is  reordered to RAD scheme. This 
step is  executed once in  the e n tire  sim ulation. This 
reordering can be accomplished by find ing  a RAD scheme 
th a t w i l l  enclose the standard ordering under consideration 
as shown in  Figure 6.8.
2. The c o e ff ic ie n t m atrix is  transformed in to  RAD scheme.
3. Then the pressure equations are solved. Thereafter, the 
pressure vector obtained is  reordered in to  standard 





11 31 7 27 3
1 2 3 4 5
16 36 12 32 8 28 4
6 7 8 9 10
21 41 17 37 13 33 9 29 5
11 12 13 14 15
46 22 42 18 38 14 34 10 30
16 17 18 19 20
47 23 43 19 39 15 35
21 22 23 24 25
48 24 44 20 40
26 27 28 29 30
49 25 45
50
Figure 6.8 - RAD Ordering Enclosing Standard Ordering
CHAPTER V II
SIMULATION PACKAGE
This simulation package is  a complex co llec tion  o f computer 
subroutines tie d  together by the sim ulator mainline. The flow  chart 
fo r  the simulator mainline is  given in  Figure 7.1. These subroutines 
are developed e ith e r out o f necessity or simply fo r the convenience 
o f the engineer.
In th is  simulation package, a new feature is  introduced to 
save CPU execution time. A chain o f imaginary ce lls  is  introduced 
around the active c e lls . For sealed reservo irs, th is  new feature 
allows the execution of active ce lls  only w ithout checking fo r  
boundary c e lls .
There are nine sections in  th is  simulation package. Every 
section consists o f c losely re lated subroutines. Each o f these 
sections w il l  be discussed in  d e ta il.
7.1 Input Section
This section o f the simulation package consists o f the 
fo llow ing subroutines:
1. INPUT
2. READ







































Read in  data
Subroutine 
PSOR, LSOR,
ADI , SIP, 
STBAND or RADP
Calculate co e ffic ie n ts  






Perform a ll the one­
time ca lcu la tion needed 




DENSTY, VISCTY, & 
RPRM
Figure 7.1 -  Flow Chart o f Simulator Mainline
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This section provides a means o f reading a i l  input data required 
in  sim ulation. For input data entered as matrices or vectors, th is  
section w il l  check tha t the value assigned fo r  each ce ll is  w ith in  the 
range specified fo r  a ll the matrix or vector values. In addition the 
e n tire  matrix or vector can be m u ltip lied  by a given constant. Also a 
given constant can be a lg e b rica lly  added to each element of the m atrix 
o r vector. I f  a l l  the elements o f the matrix are the same, then the 
m atrix can be entered as a single value. These possible m odifications 
o f the elements are very important fo r  h is to ry  matching. A ll input 
data are printed out. Furthermore, the values which l ie  outside the 
range specified fo r  the system are printed out along with i ts  ce ll 
number and i ts  matrix or vector t i t l e  so tha t i t  can be corrected.
The input data are grouped as fo llows:
1. Single entries 
Number o f ce lls  
Com pressibilities (Cq>C^,Cj,)
Irreducib le  saturations (S_,S  ,S )WL* Ui y
Densities at standard conditions (p*, p*, p*)
Bubble point pressure (Pgp)
Time control parameters ( t ^ , t ^ ,  DTMIN, DTMAX, DPLIM, DSLIM) 
Crank-Nicholson parameter (0)
P rin t out in te rva l (OUTMOD)
Material balance control parameters NTRMA.X)
Pressure control parameters (e,k^^„,m,03)
iTiaX
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2. P roduction-In jection data
Flowing bottom hole pressure (P^^)
Radius o f wells (r^)
Location o f wells and th e ir  flow  rates 
According to  the values o f the flow rates read, the type of well is  
determined as shown in  Figure 7.2. The vector id e n t if ie r  IQ defines 
the various types o f w e lls . IQ is  defined as fo llow s:
IQ = -2 , i f  the well is  water in je c tio n  a t constant ra te
IQ = -1 
IQ = 0 
IQ = 1
IQ = 2 
IQ = 3
i f  the well is  gas in je c tio n  at constant rate 
i f  the ce ll is not a source or sink
i f  the well produces gas a t constant rate
i f  the well produces o il at constant rate
i f  the well produces o i l  a t constant pressure
3. C ap illa ry  pressure data (P^w’ ^cg^




5. Rock properties 
Porosity
Perm eability (k%i,ky^)
6. I n i t ia l  conditions
In i t ia l  o i l  pressure (P )
° i
I n i t ia l  o i l  saturation (S )
° i





a t constant 
ra te
Gas in je c tio n  at 
constant rate
Oil production 
a t constant 
pressure




Gas production at 
constant rate
Figure 7.2 - Type o f Well Vector Id e n t if ie r
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7.2 One-Time Calculations Section
This section of the simulation package consists of the 










The subroutine ONCE performs the fo llow ing  one-time ca lcu la tions: 
a - Id e n tif ic a tio n  of the active  c e lls  
b - I n i t ia l  o i l ,  water, and gas in  place
c -  In i t ia l  bulk volume fo r  each active  cell
d - Weighted dimensions
e - Calculation o f normalizing fa c to r and ite ra tio n  parameters
fo r ADI and SIP
The subroutine CUPLNG calculates the couplings among ce lls  using 
equations (3.39,3.40, and 3.41) fo r  horizontal coupling and s im ila r 
equations fo r  ve rtic a l coupling.
The subroutine MODEL produces a sketch, s im ila r to tha t presented 
in Figure 7.3. When a reservo ir is  d iscre tized  fo r sim ulation, as was 
discussed in  chapter I I I ,  often some o f the ce lls  are not ac tive . In 
add ition , the ce lls  in  the sketch are numbered as they are id e n tif ie d
FIGURE 7 . 3  -  n u m b e r i n g  SCMCME OF R E S E R V O I R  M O D E L ! I M A G I N A R Y  CEL LS SH A DE D)  -  D I S T A N C E  I N  METERS
ov / OX 1 3 3 . 3  1 3 3 .0 103.  3 1 0 3 . 3 1 0 0 .0 1 0 0.0 100.0 100. 0 1 0 0 . 0  1 0 0.0
1 0 0 . 0
♦////////♦//////// 
♦ / /  1 / / ♦ / /  2 / /  
* / / / / / / / / + / / / / / / / /
/ / / / / / / /  
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/ / / / / / / / * / / / / / / / / + / / / / / / / / »
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» / / / / / / / / + / / / / / / / /  
+ / /  I t  / / + / /  12 / /  
+ / / / / / / / / * / / / / / / / /
13 14 15 16 17 18
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*////////*////////* 
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* / / / / / / / / + / / / / / / / / *
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♦ ////////«• ♦// 41 //♦ +////////+ 42 43 44 45 46 47 48
4 ♦////////♦ 
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1 0 0.3
»////////+ ♦// 51 //* *////////+ 52 S3 54 55 56 , 57 58
4 4 / / / / / / V / 4  
4 59 ♦ / /  60 / / 4  
4 + / Z / / / / / / 4
1 0 0 . 0
♦ / / / / / / / / « •  
f / /  6 1  / / ♦  
* / / / / / / / / *
62 63 64 65 66 67 68
4 4 / / / / / / Z / 4  
4 69 4 / /  70 / / 4  
4 4 / V / / / / / / 4
1 3 3 . 0
♦ / / / / / / / / ♦  
* / /  7 1  / / *  
» / / / / / / / / +
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4 / / / / / / / / 4 / / / / / / / Z 4  
4 / /  79 / / 4 / /  60 / / 4  
4 / / / / / / / / 4 / / / / / Z / / 4
1 0 0.0
* / / / / / / / / *  
♦ / /  a i  / / ♦  
* / / / / / / / / +
02 83 84 8 5 6 6 87
/ / / / / / / / * / / / / / / / / » / / / / / / / / *  
/ /  88 / / * / /  6 9  / / + / /  90 / / ♦  
/ / / / / / / / . / / / / / / / / » / / / / / / / / *
1 0 3 . 0
+ / / / / / / / / * / / / / / / / /  
A / /  91 / / * / /  92 / /  
» / / / / / / / / » / / / / / / / /
/ / / / / / / /  
/ /  93 / /  
/ / / / / / / /
/ / / / / / / /  
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/ / / / / / / /
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/ /  93 / /  
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/ / / / / / / / + / / / / / / / / * / / / / / / / / »  
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by the simulator. The x -d irec tio n  o f the ce lls  is  shown across the top 
o f the sketch and the y -d ire c tio n  of the ce lls  is  shown down the le f t  
side. In case the number o f c e lls  in the x -d irec tion  exceeds 10, then 
the sketch w il l  be slashed a fte r  10 ce lls  and completed afterwards.
This routine serves as a check fo r  the shape of the reservo ir simulated. 
Information required fo r  th is  routine is  the number of c e lls  in  the x 
and y d irec tions , th e ir  dimensions, and the thickness o f each ce ll 
as a check fo r  inactive  c e lls .
7.3 Time Control Section
This section o f the simulation package consists o f the 
fo llow ing subroutines:
1. TIME
2. OLDTIM




This section updates the time and chooses an appropriate time 
step (At) fo r  time level n+1. The choice o f At is  based on the desire 
to use the maximum At possible provided tha t there is  no sing le  ce ll 
overdepleted and the truncation and round-off errors are w ith in  
acceptable tolerance. The fo llow ing c r ite r ia  are applied in determining 
At:
1. Select a time step such tha t the producing ce ll is  not 
overdepleted®. This can be accomplished by selecting a 
time step such that there is  less than 15% change in  the f lu id  
saturation in  the ce ll containing the w e ll.
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= min ( f . )  V i  S IQ > 0  (7.1)
where
= Q-lSCVS^p^/q^p*)^ fo r  o i l  producing wells (7,2)
f j  = 0.15 (VSgpg/PgP*)^- fo r  Qds producinQ wells (7.3) 
thus, the maximum time increment is less than the time 
required to produce 15% of a pore volume of  the smallest ce l l  
containing a we l l .
2. Todd,at al^® suggested the fol lowing method to control the 
truncation error .  They suggested to l im i t  the saturation and 
pressure changes per time step. This can be accomplished i f  
At does not exceed At^^^ defined by
< x  = S  (7.4)
< x  '  S  (7.5)
where
DPLIM = maximum pressure change desired 
DSLIM = maximum saturation change desired 
fo r  the three phase model
DPMAX = max |p "^ l  - P?| V i ^  h ^ 0 (7.6)
DSMAX = max |(s9+l -  s9).
j  = o,w,g I  ̂ J ^
V i 9  h 0 (7.7)
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3. To make the input of  the engineer more substantial , the 
range of At is specif ied
DTMIN < At < DTMAX (7.8)
4. To avoid the round-off e r ro r ,  the chosen At is  truncated 
to two decimals.
The subroutine OLDTIM calculates the production, cap i l la ry  
pressure, and gravi ty  terms using equations (3.20) through (3.22) based 
on the las t  time step.
7.4 Coeff ic ient Matrix Calculation Section





and requires the fol lowing subroutines:
1. RPRM
2. SLUBTY
The subroutine COEFF calculates the coe f f ic ien t  matrix using equations 
(3.7) through (3.12).
The HLAMDA and IBRPRM subroutines calculate the interb lock f low 
coe f f ic ien t  (hX) fo r  a l l  active ce l ls  and fo r  the three phases. The 
equations and procedures outl ined in section 3.3 are incorporated in 
these subroutines.
The boundary conditions is incorporated into the coe f f ic ien t  
matrix through HLAMDA subroutine.
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7.5 Pressure Solution Section
This section can be any of the subroutines that performs 
i te ra t iv e  or d i rec t  methods discussed in chapters IV, V, and VI to solve 
the pressure equations, namely PSOR, LSOR, ADI, SIP of  chapter IV,
STBAND of chapter V, and RADP of chapter VI.
7.6 Saturation Calculation Section
This section o f  the simulation package consists of  one subroutine 
called SATRN and i t  requires the DENSTY subroutine.
This section calculates the new o i l ,  water, and gas saturations 
using the equations developed in section 3.2.
The calculated saturations are subjected to the logical 
constraints.
S„c 1 Sw 1 1 (7-9)
(7.10)
The porosity is  updated in this section as fol lows:
4?+! = 4- {1 + CptpO+l - P?)} (7.11)
7.7 Material Balance Section
This section o f  the simulation package consists of  one subroutine 
called MASERR and i t  does not require any other subroutine.
This section calculates the o i l ,  water, gas, and to ta l  mass 
balance re la t ive  errors.
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Tj = j^ ip -  (Mj -  M!Pj) , j  = o.w.g (7.12)
'"t = f f i  <” o + + Mg -  ™) (7.13)
where
N
Mj = I   ̂ {VpjSj - pt + PjAt)}^ , j  = o,w,g (7.14)
TM = MIPg + MIP^ + MIPg (7.15)
In order for  a model to maintain s t a b i l i t y ,  i t  should conserve 
mass at  a l l  time®. In this study, (r^b^max used as a convergence 
c r i te r io n  on mass.
('■.tib’ max = 1 '■j I , i  = o ,w .g .t (7.16)
This material balance error must be with in  the predefined tolerance 
as fol lows:
(^mb^max — ^m (7.1/)
This check is  done in the mainline of the simulator as shown in 
Figure 7.1.
When the mass balance converges or the number of  t r i a l s  exceeds 
the maximum allowed, then the cumulative production is updated as 
fol lows:
106
^ - t " )  (7.18,
qg, + q^* l  ( t " " l  -  t " )  (7.19)
C = C " C  (7.20)
Also the maximum and minimum At used since the las t  p r in t  out time is 
updated.
7.8 Output Section




and requires no other subroutine.
This section pr in ts out the resul ts accumulated since the las t  
p r in t  out time.
The subroutine PRINT pr in ts  out a given matrix along with i t s  
t i t l e .  The x-d irec t ion o f  the ce l ls  is  numbered across the top o f  the 
matrix and the y -d i rec t ion  of  the ce l ls  is  numbered down the l e f t  side. 
In case the number of  ce l ls  in the x-d irect ion exceeds 10, the matrix 
w i l l  be slashed a f te r  10 cells and completed afterwards.
7.9 Auxi l ia ry  Section









and requires no other subroutine.
This section calculates the f l u i d  propert ies and the production- 
in jec t ion  f low rates. The data fo r  th is  section can be entered as 
tables or empirical relationships developed from the reduction of 
f i e ld  data.
The subroutine RPRM calculates the rea l t ive  permeabi l i t ies.
The subroutine DENSTY calculates the o i l ,  water, and gas densit ies.
The subroutine VISCTY calculates the o i l ,  water, and gas v iscos i t ies.
The subroutine CAPLRY calculates the cap i l la ry  pressure P^^ and P^g.
The subroutine SLUBTY calculates the gas-oil  ra t ios  and gas-water ratios,
The subroutine PRDCTN determines the f low rate at source or sink
ce l ls .  The two popular types of f low are considered.
1. Constant f low rate
2. Flow rate at constant pressure at  the well bore.
This simulation package is  designed to u t i l i z e  the e x p l i c i t  production 
procedure which requires that the o i l ,  gas and water flow rates be 
evaluated at las t  time leve l .  The f low rates are evaulated according 
to the well type designated by IQ vector defined in section 7.1.
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1. Water in jec t ion  well [IQ = -2)
Ag = 0 (7.21)
Ag = Q (7.22)
Aw = + const. (7.23)
2. Gas in jec t ion  well (IQ = -1)
Aq = 0 (7,24)
Ag = + const. (7.25)
Aw = 0 (7.26)
3. Gas producing well at constant rate (IQ = 1)
Aq = 0 (7.27)
Ag = - const. (7.28)
^rw^w
4. Oil producing well at constant rate (IQ = 2)
Ag = - const. (7.30)
*̂ 9 ~ VigpQ k p Q p Q  9q + ^AqAqRjq +A^#w^sw) (7.32)
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5. Oil producing well at  constant pressure at  the well bore 
(IQ = 3)
_ -0 .0 8 6 4 /lÿ Ç  k̂ ,hp̂ (P .
% = .  . " ,  . (7 . 3 3 )
(L =TT%*% I T - ; -  So (7.34)
_ ^r w ^ w
y, 0* k p_W  w ro 0
-  ^Yg '̂g
^Yo^o
(7.35)
CHAPTER V I I I
COMPARATIVE EVALUATION 
The simulator outl ined in chapter VII was developed and used to 
simulate L i t t l e  Axe Unit c f  S.E. Denver Pool of Cleveland County in 
Oklahoma with two sets of permeabil i t ies:
a) Constant permeabili ty fo r  homogeneous case
b) Variable permeability fo r  heterogeneous case
The geometry and properties of  th is  reservoir  are given in Appendix 0.
The pressure equations are solved with six d i f fe ren t  numberical 
procedures, namely PSOR, LSOR, ADI, SIP of chapter IV, STBAND of 
chapter V, and the new method (RADP) of chapter VI. The computer 
l i s t i n g  of these numerical procedures is given in Appendix E. A 
sample of computer simulation output is  given in Appendix F.
The comparative evaluation of these numerical procedures includes 
d i f f i c u l t i e s  of  i te ra t ive  methods, storage requirements, CPU time, 
mass balance errors, and average reservoir  pressure.
8.1 D i f f i c u l t ie s  of I te ra t ive  Methods
I te ra t ive  methods have a number of  d i f f i c u l t i e s  not present in 
d i re c t  methods. Some o f  these d i f f i c u l t i e s  are:
1 - Nonre l iab i l i ty :  I t  is  well known that the i te ra t ive  methods 
do not work fo r  every system of equations. Sometimes d irec t  methods do 
not converge and sometimes they converge, but not to the r igh t  answer.
110
I l l
The las t  three months o f  the simulation fo r  homogeneous case, the 
strongly im p l i c i t  procedure did not converge w ith in  the pre-defined 
tolerance with the maximum number of i te rat ions allowed. However, 
we obtained a l l  needed results with higher pressure errors,
2 - I te ra t ion  parameters: The estimation of i te ra t ion  
parameters is  a serious problem that experience and experimental 
runs are needed to get a suitable parameter.
3 - Convergence c r i te r io n :  The re la t ive  error o f  successive
approximations are used as convergence c r i te r io n .  Such a c r i te r io n  
gives no ind icat ion of how well the computed solut ion actually  
sa t is f ies  the or ig inal equation. Consequently, the above c r i te r ion  
can be misleading.
8.2 - Storage Requirements
The computer storage requirements of the numerical procedures 







Storage fo r  






PSOR 13632 39.50 1.00
LSOR 18714 54.24 1.37
ADI 34132 98.93 2.50
SIP 34404 99.72 2.52
STBAND 55778 161.68 4.09
RADP 50894 147.52 3.73
Table 8.1 -  Computer Storage Requirements
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The d i rec t  methods require larger computer storage than i te ra t i v e  
methods. However, in  d i rec t  methods, RADP requires 91% o f  the computer 
storage required fo r  STBAND.
8.3 -  CPU Time Comparison
The CPU time consumed in simulating the reservoir  model as a 
funct ion of real time is  given in  Tables 8.2 and 8.3. These two 
tables are plotted on Figure 8.1 and 8.2 fo r  visual comparison.
From Figures 8.1 and 8.2, i t  is  obvious that i t e ra t iv e  methods 
are faster  than d i rec t  methods.
In d irec t  methods, the new method (RADP) is  substant ia l ly  faster  
than the band matrix algorithm applied to standard ordering (STBAND).
In a 600 days simulation and 345 ce l l  system, RADP requires 65.5% of 
the computer time required fo r  STBAND to perform the same simulation.
Among the i te ra t iv e  methods used, the PSOR is fas ter  than LSOR, 
ADI, and SIP. The ADI is s l i g h t l y  better fo r  homogeneous case while 
SIP is considerably better fo r  heterogeneous run.
I t  is noticeable that the CPU time curve is  l inear  fo r  d i rec t  
methods and concaved upward fo r  i t e ra t i v e  methods. Therefore, the 
CPU time fo r  d i rec t  methods is  predictable in contrary to i te ra t iv e  
methods. This feature is  due to the nature o f  d i rec t  methods in 
which the solution to the system of equations is  obtained upon the 
completion of  a f i n i t e  number of ar ithmetic  operations.
8.4 -  Mass Balance Errors
Four types o f  mass balance re la t ive  errors fo r  homogeneous and 
heterogeneous cases are presented in  Tables 8.4 through 8.11. The 
differences among a l l  types o f  errors fo r  a l l  six methods are too 





PSOR LSOR ADI SIP STBAND RADP
30 0.97 1.57 2.23 2. 50 5.13 3.38
60 1.91 3.17 4.71 5.00 10.17 6.78
90 2.87 4.68 7. 18 7.51 15.26 10.14
120 3.81 6.27 9.60 10.01 20.56 13.53
150 4.71 7.91 11.93 12.51 25 .89 16.92
180 5 .62 9 .54 14.27 15.02 31.27 20.30
210 6.52 11.21 16. 68 17. 52 36.64 23.78
240 7.44 12.94 19. 13 20.00 41.87 27.20
270 8.41 14.75 21.73 22.53 47.09 30. 5,8
300 9.43 16.58 24.29 25.03 52.28 33.99
330 10.48 18.51 26.35 27.52 57.45 37.39
360 11.54 20 . 50 29.39 30.02 62.62 40.82
390 12.65 22.54 31.95 32.49 67.78 44.29
420 13.82 24.66 34.60 34.99 72.94 47.76
450 15.11 26.79 37.37 37.48 78.11 51.20
480 16.46 28.91 40.11 39.98 83.29 54.62
510 17.82 31.07 43.00 43. 52 88.59 58.07
540 19.22 33.28 45.81 46.50 93.78 61.57
570 20.80 35.66 49.60 50.42 98.97 65.04
600 22.82 38.25 53. 51 56.00 104.14 68.52
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PSOR LSOR ADI SIP STBAND RADP
30 0.94 1.58 2. 52 2.11 5.44 3.39
60 1.90 3.17 5.10 4.22 10.80 6.79
90 2.85 4.78 7.76 6.34 16.17 10.23
120 3.79 6.33 10.33 8.32 21.55 13.65
150 4.71 7.85 12.76 10.54 26.92 17.05
180 5.60 9.42 15.25 12.59 32.25 20.44
210 6.55 11.01 17.74 14.72 37.57 23.89
240 7.49 12.65 20.17 16.72 42.83 27.38
270 8.42 14.38 22.72 19.01 48.09 30.83
300 9.41 16.17 25.14 21.00 53.52 34.23
330 10.43 18.06 27.70 23.22 58.32 37.69
360 11.45 20.04 30.27 25.29 64.00 41.13
390 12.63 22.08 33 .00 27.42 69.12 44.54
420 13.83 24.09 35.65 29.50 74.22 47.96
450 15.04 26.12 38.27 31.70 79. 53 51.37
480 16.39 23.24 40.92 33.75 84.84 54.78
510 17.74 30. 38 43.83 35.80 90.05 58.20
540 19.06 32.69 47.37 38.02 95.18 61.64
570 20.58 35.10 51.29 40.10 100.42 65.10
600 22.19 37.62 57.56 43.01 105.59 68.49
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PSOR LSOR ADI SIP STBAND RADP
30 0.0009 0.0010 0.0010 0.0008 0.0010 0.0010
60 0.0018 0.0018 0.0019 0.0026 0.0019 0.0019
90 0.0026 0.0027 0.0027 0.0033 0.0027 0.0027
120 0.0034 0.0035 0.0035 0.0041 0.0035 0.0035
150 0.0042 0.0042 0.0042 0.0047 0.0042 0.0042
180 0.0049 0.0049 0.0049 0.0045 0.0050 0.0049
210 0.0055 0.0055 0.0056 0.0051 0.0056 0.0056
240 0.0062 0.0062 0.0064 0.0061 0.0063 0.0062
270 0.0068 0.0068 0.0071 0.0068 0.0069 0.0068
300 0.0075 0.0075 0.0082 0.0074 0.0076 0.0075
330 0.0081 0.0081 0.0090 0.0073 0.0082 0.0081
360 0.0090 0.0090 0.0102 0.0084 0.0091 0.0090
390 0.0098 0.0098 0.0113 0.0086 0.0099 0.0098
420 0.0111 0.0111 0.0129 0.0092 0.0112 0.0111
450 0.0122 0.0122 0.0142 0.0099 0.0123 0.0122
480 0.0144 0.0143 0.0163 0.0105 0.0145 0.0144
510 0.0164 0.0163 0.0178 0 .0109 0.0164 0.0164
540 0.0191 0.0182 0.0201 0.0111 0.0185 0.0177
570 0.0216 0.0201 0.0230 0.0115 0.0216 0.0213
600 0.0027 -0 .0056 0.0267 0.0116 0.0083 0.0054





PSOR LSOR ADI SIP STBAND RADP
30 0.0010 0.0010 0.0010 0.0009 0.0010 0.0010
60 0.0019 0.0019 0.0019 0.0020 0.0019 0.0019
90 0.0027 0.0027 0.0027 0.0026 0.0028 0.0027
120 0.0035 0.0035 0.0035 0.0034 0.0036 0.0036
150 0.0043 0.0043 0.0043 0.0031 0.0043 0.0043
180 0.0050 0.0050 0.0051 0.0049 0.0051 0.0050
210 0.0057 0.0057 0.0058 0.0055 0.0058 0.0058
240 0.0065 0.0064 0.0067 0.0064 0.0066 0.0065
270 0.0072 0.0071 0.0075 0.0070 0.0072 0.0072
300 0.0080 0.0079 0.0087 0.0077 0.0081 0.0080
330 0.0086 0.0086 0.0097 0.0078 0.0087 0.0087
360 0.0096 0.0095 0.0112 0.0082 0 .0097 0.0096
390 0.0103 0.0103 0.0124 0.0090 0.0104 0.0103
420 0.0114 0.0114 0.0144 0.0094 0.0116 0.0115
450 0.0126 0.0126 0.0158 0.0099 0.0128 0.0127
480 0.0146 0.0145 0 .0178 0.0100 0.0147 0.0147
510 0.0163 0.0163 0.0199 0.0102 0.0167 0.0167
540 0.0188 0.0186 0.0231 0.0102 0.0191 0.0191
570 0.0216 0.0213 0.0274 0.0110 0.0219 0.0219
600 0.0134 0.0170 0.0293 0.0113 0.0178 0.0174





PSOR LSOR ADI SIP STBAND RADP
30 0.0015 0.0015 0.0015 0.0013 0.0015 0.0015
60 0.0030 0.0031 0.0031 0.0043 0.0031 0.0031
90 0.0045 0.0045 0.0045 0.0056 0.0046 0.0045
120 0.0058 0.0059 0.0059 0.0069 0.0060 0.0059
150 0.0071 0.0072 0.0072 0.0079 0.0073 0.0072
180 0.0083 0.0084 0.0083 0.0075 0.0085 0.0084
210 0.0094 0.0094 0.0094 0.0084 0.0096 0.0095
240 0.0105 0.0104 0.0101 0.0100 0.0106 0.0105
270 0.0113 0.0113 0.0107 0.0113 0.0115 0.0114
300 0.0121 0.0120 0.0107 0.0124 0.0122 0.0121
3 30 0.0126 0.0125 0 .0109 0.0131 0.0123 0.0126
360 0.0128 0.0127 0.0100 0.0139 0.0130 0.0129
390 0.0126 0.0125 0.0095 0.0142 0.0128 0.0126
420 0.0121 0.0120 0.0076 0.0152 0.0123 0.0121
450 0.0107 0.0105 0.0061 0.0164 0.0108 0.0107
480 0.0094 0.0094 0.0031 0.0173 0.0094 0.0093
510 0.0053 0.0055 0.0012 0.0180 0.0055 0.0054
540 0.0017 0.0011 -0 .0022 0.0187 0.0015 -0 .0004
570 -0 .0041 -0 .0045 -0 .0068 0.0197 -0 .0035 -0 .0037
600 -0 .0477 -0 .0615 -0 .0127 0.0206 -0 .0353 -0 .0412





PSOR LSOR ADI SIP STBAND RADP
30 0.0015 0.0016 0.0016 0.0015 0.0016 0.0016
60 0.0031 0.0031 0.0032 0.0032 0.0032 0.0032
90 0.0046 0.0046 0.0046 0.0043 0.0047 0.0047
120 0.0060 0.0060 0.0060 0.0057 0.0061 0.0061
150 0.0073 0.0073 0.0073 0.0052 0.0074 0.0074
ISO 0.0085 0.0085 0.0085 0.0081 0.0086 0.0086
210 0.0097 0.0096 0.0095 0.0092 0.0098 0.0097
240 0.0105 0.0104 0.0100 0.0108 0.0106 0.0105
270 0.0113 0.0112 0.0106 0.0117 0.0114 0.0113
300 0.0118 0.0116 0.0102 0.0125 0.0119 0.0118
330 0.0122 0.0120 0.0102 0.0126 0.0124 0.0122
360 0.0124 0.0121 0.0087 0.0132 0.0125 0.0124
390 0.0124 0.0120 0.0078 0.0145 0.0125 0.0123
420 0.0120 0.0116 0.0051 0 .0152 0.0120 0.0118
450 0.0107 0.0103 0.0037 0.0160 0.0107 0.0104
480 0.0095 0.0092 0.0006 0.0158 0.0094 0.0092
510 0.0058 0.0052 -0 .00 2 6 0 .0158 0.0052 0.0049
540 0.0061 0.0061 -0 .0 0 81 0.0159 0.0056 0.0054
570 -0 .0006 0.0001 -0 .0159 0.0177 -0 .0012 -0 .0016
600 -0 .0145 -0 .0155 -0 .0172 0.0174 -0 .0166 -0 .0175





PSOR LSOR ADI SIP STBAND RADP
30 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002
60 0.0002 0.0002 0.0002 0.0004 0.0002 0.0002
90 0.0002 0.0003 0.0002 0.0004 0.0003 0.0003
120 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003
150 0.0003 0.0003 0.0003 0.0004 0.0003 0.0003
180 0.0003 0.0004 0.0005 0.0006 0.0004 0.0004
210 0.0004 0.0004 0.0007 0.0006 0.0004 0.0004
240 0.0006 0.0007 0.0016 0.0009 0.0006 0.0006
270 0.0008 0.0009 0.0024 0.0009 0.0009 0.0009
300 0.0015 0.0016 0.0048 0.0009 0.0015 0.0015
330 0.0022 0.0023 0.0065 0.0010 0.0022 0.0022
360 0.0040 0.0041 0.0105 0.0011 0.0040 0.0040
390 0.0061 0.0062 0.0  136 0.0012 0.0061 0.0061
420 0.0100 0.0102 0.0198 0.0013 0.0100 0.0100
450 0.0142 0.0145 0.0250 0.0014 0.0143 0.0143
480 0.0220 0.0213 0.0336 0.0017 0.0220 0.0220
510 0.0314 0.0 30 9 0.0397 0.0017 0.0310 0.0311
540 0.0441 0.0426 0.0497 0.0012 0.0423 0.0427
570 0.0571 0.0540 0.0625 0.0008 0.0563 0.0562
600 0.0644 0.0603 0.0792 -0 .0002 0.0630 0.0634





PSOR LSOR ADI SIP STBAND RADP
30 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002
60 0.0002 0.0002 0.0002 0.0003 0.0002 0.0002
90 0.0002 0.0002 0.0002 0.0003 0.0002 0.0002
120 0.0003 0.0003 0.0003 0.0004 0.0003 0.0003
150 0.0003 0.0003 0.0003 0.0005 0.0003 0.0003
180 0.0004 0.0004 0.0006 0.0006 0.0004 0.0004
210 0.0006 0.0006 0.0010 0.0008 0.0006 0.0006
240 0.0012 0.0013 0.0024 0.0008 0.0013 0.0013
270 0.0017 0.0013 0.0035 0.0008 0.0017 0.0017
300 0.0030 0.0030 0.0066 0.0013 0.0030 0.0030
330 0.0039 0.0041 0.0090 0.0016 0.0040 0.0040
360 0.0059 0.0062 0.0145 0.0017 0.0060 0.0060
390 0.0076 0.0079 0.0185 0.0018 0.0077 0.0077
420 0.0109 0.0113 0.0267 0.0019 0.0111 0.0112
450 0.0151 0.0156 0.0316 0.0020 0.0156 0.0157
480 0.0219 0.0221 0.0404 0.0024 0.0224 0.0226
510 0.0303 0.0310 0.0495 0.0029 0.0318 0.0322
540 0.0374 0.0369 0.0642 0.0027 0.0385 0.0390
570 0.0517 0.0504 0.0846 0.0023 0.0532 0.0540
600 0.0630 0.0607 0.0913 0.0032 0.0639 0.0645





PSOR LSOR ADI SIP STBAND RADP
30 0.0015 0.0015 0.0015 0.0013 0.0015 0.0015
60 0.0030 0.0031 0.0031 0.0043 0.0031 0.0031
90 0.0045 0.0045 0.0045 0.0056 0.0046 0.0045
120 0.0058 0.0059 0.0059 0.0069 0.0060 0.0059
150 0.0071 0.0072 0.0072 0.0079 0.0073 0.0072
180 0.0083 0.0084 0.0083 0.0070 0.0085 0 .0084
210 0.0094 0.0094 0.0094 0.0084 0.0096 0.0095
240 0.0105 0.0105 0.0101 0.0100 0.0106 0.0105
270 0.0113 0.0113 0.0107 0.0113 0.0115 0.0114
300 0.0120 0.0120 0.0107 0.0124 0.0122 0.0121
330 0.0126 0.0125 0.0109 0.0131 0.0128 0.0126
360 0.0125 0.0123 0.0100 0.0139 0.0127 0.0125
390 0.0125 0.0125 0.0095 . 0.0142 0.0128 0.0126 .
420 0.0105 0.0103 0.0075 0.0152 0.0109 0.0106
450 0.0103 0.0102 0.0061 0.0164 0.0106 0.0104
480 0.0042 0.0041 0.0028 0.0173 0.0047 0.0043
510 0.0030 0.0032 0.0009 0.0180 0.0038 0.0033
540 -0.0100 -0 .0090 -0 .0035 0.0187 -0 .0 0 6 6 -0 .0069
570 -0.0137 -0 .0122 -0 .0089 0.0197 -0 .0 1 24 -0  .0145
600 -0.0247 -0 .0231 -0 .0173 0.0206 -0 .0219 -0 .0249





PSOR LSOR ADI SIP STBAND RADP
30 0.0015 0.0016 0.0016 0.0015 0.0016 0.0016
60 0.0031 0.0031 0.0032 0.0032 0.0032 0.0032
90 0.0046 0.0046 0.0046 0.0043 0.0047 0.0047
120 0.0060 0.0060 0.0060 0.0057 0.0061 0.0061
150 0.0074 0.0073 0.0073 0.0052 0.0074 0.0074
180 0.0085 0.0085 0.0085 0.0081 0.0086 0.0086
210 0.0097 0.0096 0.0095 0.0092 0.0098 0.0097
240 0.0105 0.0104 0.0100 0.0103 0.0106 0.0105
270 0.0113 0,0112 0.0106 0.0117 0.0114 0.0113
300 0.0118 0.0116 0.0102 0.0125 0.0119 0.0118
330 0.0122 0.0120 0.0102 0.0125 0.0124 0.0122
360 0.0124 0.0121 0.0087 0.0132 0.0125 0.0123
390 0.0124 0.0120 0.0078 0.0145 0.0125 0.0123
420 0.0113 0.0108 0.0051 0.0152 0.0115 0.0112
450 0.0106 0.0102 0.0037 0.0160 0.0106 0.0104
480 0.0061 0.0055 0.0005 0.0155 0.0062 0.0058
510 0.0051 0.0044 -0 .0023 0.0156 0.0047 0.0043
540 -0.0040 -0 .0047 -0 .0089 0.0159 -0.0041 -0 .0048
570 -0.0062 -0 .0069 -0 .0177 0.0177 -0 .0066 -0 .0075
600 -0.0220 -0 .0218 -0 .0223 0.0174 -0 .0222 -0 .0239
TABLE 8.11 - GAS MASS BALANCE RELATIVE ERROR FOR HETEROGENEOUS CASE
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8.5 -  Average Reservoir Pressure
The average reservoir pressure is  given in Tables 8.12 and 8.13. 
For a given time, the differences of pressures are re la t ive ly  small 





PSOR LSOR ADI SIP STBAND RADP
30 15617 15624 15525 15577 15628 15626
60 15535 15594 15596 15807 15602 15597
90 15587 1 15593 15595 15762 15605 15598
120 15554 15561 15564 15739 15576 15567
150 15548 15554 15558 15678 15571 15560
180 15521 15525 15530 15420 15546 15534
210 15509 15514 15521 15374 15537 15522
240 15487 15488 15494 15441 15515 15498
270 15474 15475 15483 15481 15504 15485,
300 15451 15450 15459 15465 15482 15462
330 15441 15439 15450 15416 15473 15452
360 15419 15414 15429 15413 15452 15429
390 15414 15409 15420 15336 15449 15424
420 15389 15382 15401 15353 15424 15398
450 15397 15389 15391 15419 15433 15406
480 15373 15362 15377 15448 15409 15380
510 15409 15397 15369 15456 15443 15415
540 15287 15271 15361 15424 15424 15394
570 15263 15203 15358 15447 15216 15093
600 14549 14302 15360 15437 14919 14755





PSOR LSOR ADI SIP STBAND RADP
30 15624 15627 15628 15613 15631 15629
60 15595 15600 15604 15633 15609 15605
90 15604 15602 15607 15554 15616 15610
120 15573 15573 15579 15547 15591 15583
150 15577 15569 15578 15306 15591 15581
180 15552 15543 15553 15508 15570 15558
210 15550 15536 15549 15488 15566 15553
240 15528 15512 15525 15527 15547 15532
270 15522 15502 15521 15508 15542 15525
300 15502 15480 15500 15511 15525 15506
330 15498 15472 15497 15378 15521 15500
360 15477 15449 15477 15356 15502 15480
390 15477 15445 15476 15405 15502 15478
420 15454 15421 15458 15383 15483 15457
450 15464 15428 15459 15394 15492 15465
480 15441 15401 15442 15279 15469 15440
510 15482 15435 15445 15203 15505 15475
540 15468 15406 15434 15120 15480 15448
570 15526 15479 15443 15232 15537 15501
600 15378 15334 15445 15156 15311 15251
TABLE 8 .13 - AVERAGE RESERVOIR PRESSURE FOR HETEROGENEOUS CASE
CHAPTER IX 
CONCLUSIONS
Based on the numerical simulation results observed in  this 
study, i t  is possible to draw the fol lowing conclusions:
1. Direct methods are more re l iab le  than i t e ra t i v e  ones. 
Some i te ra t i v e  methods f a i l  to converge at certain times 
and under cer ta in  condit ions. The error w i l l  propagate 
from th is  point on.
2. The search fo r  optimum i te ra t ion  parameters in i te ra t ive  
methods is  a serious problem especial ly fo r  SIP.
3. The ADI and SIP methods are sensit ive to the type
of reservoir  models while d i rec t  methods are not. This 
observation is implied by the CPU time requirements.
The ADI is  s l i g h t l y  better fo r  homogeneous case while 
SIP is  considerably better fo r  heterogeneous run.
4. I te ra t ive  methods require less computer storage than 
d i rec t  methods no matter how e f f i c ie n t  the d i rec t  method 
is .
5. The i te ra t i v e  methods are faster  than d i rec t  methods 
fo r  the 345 ce l l  model simulated in th is  study.
6. Among the i te ra t i v e  methods used, the PSOR is faster  
than LSOR, ADI, and SIP.
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7. RADP requires about 65.5% of the CPU time consumed by 
STBAND. RADP requires about 91% of the computer storage 
required fo r  STBAND. These improvements are due to the 
fact  that RADP generates less new non-zero elements in 
the d irec t  solution process. Therefore, RADP is 




















c o e ffic ie n t matrix 
cross-sectional area to flow 
SIP c o e ffic ie n t vectors
co e ffic ien ts  o f the general pressure equation
A lte rna ting  Diagonal Im p lic it
PVT term
production term
c a p illa ry  pressure term
grav ity  term
second degree d e riva tive  term 
composite m atrix (=L\U) 
com pressib ility
subsea le v e l, pos itive  downward 
maximum pressure change desired 
maximum pressure change calculated 
maximum saturation change desired 
maximum saturation change calculated 
maximum time step allowed 
minimum time step allowed 
day
right-hand side vector o f pressure equations
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d. an element o f d1
f  an a rb itra ry  function
f t  foo t
vectors in  RADP 
g acceleration due to g rav ity
g^,h^ the new coe ffic ien ts  introduced fo r  SIP
h formation thickness
I the la rgest o f and
J the smallest o f and




k^^^ maximum number of ite ra tio n s  on pressure
k^ re la tiv e  permeability
L lower tr ia n g u la r matrix
LSOR Line Successive Overrelaxation
L j length o f the diagonal along which
numbering is  applied
1 an element o f L
Ib^ pound mass
M mass
MIP mass in  place
m meter
m semi-bandwidth
m number o f ite ra tio n  parameters in  the system























number o f diagonals in  the system
number o f rows in  the lower h a lf o f matrix %
number o f rows in  the upper h a lf o f m a tr ix X
number o f ce lls  in  the x -d ire c tion
number o f ce lls  in  the y -d ire c tio n
maximum number o f t r ia ls  on material balance
p r in t out in te rva l
pressure vector
Pascal
pound per square inch 
bubble po int pressure 
c a p illa ry  pressure to gas 
c a p illa ry  pressure to water 
an element o f P 
pseudo c r i t ic a l  pressure 
reference pressure
flowing bottom hole pressure of the well
Point Successive Overrelaxation
pressure at standard condition
flow ra te , p o s itive  rates denote in je c tio n , 
negative rates denote production
Rankine absolute temperature
Restricted A lte rna ting  Diagonal
RAD Procedure
s o lu b il ity  o f gas in to  o il
s o lu b il ity  o f gas in to  water
























re la tiv e  e rro r 
well radius
maximum absolute re la tiv e  e rro r
mass balance maximum absolute re la tiv e  e rro r
saturation
storage
equilib rium  gas saturation 
irre d u c ib le  o il saturation 
Standard
connate water saturation 
Standard Cubic Feet 
Strongly Im p lic it  Procedure 
Successive Overrelaxation 
Stock tank barrel




tra n s m is s ib ility
pseudo c r i t ic a l  temperature
to ta l mass
p r in t out time
temperature at standard conditions 
time
upper triangu la r matrix 
an element of U 





























gas com press ib ility  fac to r
gas com press ib ility  fac to r a t standard 
conditions
ite ra tio n  parameter fo r  SIP 
ite ra tio n  parameter fo r  ADI 











density a t standard conditions
potentia l
porosity
ite ra tio n  parameter fo r SOR
fin a l 
gas phase 
ce ll number 
in i t ia l
phase id e n t if ie r  ( o i l ,water,or gas)
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j e cumulative or phase j
k ite ra tio n  counter
m mass
n time level
0 o il  phase
r rock
t to ta l
w water phase
X x -d ire c ti on
y y -d ire c t i on
REFERENCES
1. Al-Marhoun, M.A., "Two-Dimensional Two-Phase Petroleum Reservoir
Simulator (Development and System Study)," M.S. Thesis (1976), 
U nivers ity  o f Petroleum and Minerals, Dhahran, Saudi Arabia.
2. B irk h o ff, G.; Varga, R.S.; and Young, D., "A lte rna ting  D irection
Im p lic it  Methods," Advances in  Computers (1962) 3, 189-273.
3. Brietenbach, E.A.; Thurnau, D.H.; and Van Pool 1 en, H.K., "Solution
o f the Immiscible Fluid Flow Simulation Equation," Soc. Pet.
Eng. J. (June 1969) 155-169.
4. C ra ft, B.C.; and Hawkins, M.F., "Applied Petroleum Reservoir Engineering"
P ren tice -H a ll, In c ., Englewood C li f f s ,  N.J. (1959).
5. Craig, F .F ., "Compositional Flow in Porous Media: A Reservoir
S im ulator," Ph.D. D issertation (1976), U niversity o f Oklahoma,
Norman, Oklahoma, U.S.A.
6. Crichlow, H.B., "Modern Reservoir Engineering -  A Simulation Approach,"
P ren tice-H a ll, In c ., N.J. (1977).
7. Crout, P.O., "A Short Method fo r  Evaluating Determinants and Solving
Systems o f Linear Equations w ith Real or Complex C oe ffic ien ts ,"
Trans. AIEE (1941), 60, 1235.
8. Gopal, V.N., "Gas Z-Factor Equations Developed fo r Computer,"
O il & Gas J. (August 8, 1977) 58-60.
9. McDonald, A.E.; and Trimble, R.H., "E ff ic ie n t Use o f Mass Storage
During Elim ination fo r Sparse Sets o f Simulation Equations,"
Soc. Pet. Eng. J. (Aug. 1977) 300-316.
137
10. Merchant, A.R.; Arnold, M.D.; and Harvey, A.H., "A Technique fo r
Improving Material Balance Accuracy in  Reservoir Simulation 
Models," SPE No. 4548.
11. Peaceman, D.W. and Rachford, H.H., "The Numerical Solution o f
Parabolic and E l l ip t ic  D iffe re n tia l Equations," J. Soc. Indust.
Appl. Math. (1955), 3, 28-41.
12. Price, H.S. and Coats, K.H., "D irect Methods in  Reservoir S im ulation,"
Transactions o f SPE o f AIME (1974, vo l. 257, pp 295-308).
13. Stone, H .L., "Estimation o f Three-Phase Relative Permeability and
Residual Oil Data," JPT, Oct. -  Dec., 1973, p. 53.
14. Stone, H.L., " I te ra t iv e  Solution o f Im p lic it  Approximation of
Multidimensional P a rtia l D iffe re n tia l Equations," SIAM Numer.
Anal. (1968), 5, 530.
15. Suarez, A. and Farouq A l i ,  S.M., "A Comparative Evaluation o f
D iffe ren t Versions of the Strongly Im p lic it  Procedure (S IP ),"
Fourth SPE Symposium on Numberical Simulation o f Reservoir 
Performance, Los Angeles, C a lifo rn ia , Feb. 19-20, 1976, SPE 
No. 5732.
16. Todd,M.R.; O 'D ell, P.M.; and H irasaki, R .J., "Methods o f Increased
Accuracy in Numberical Reservoir S imulators," Trans. AIME (1972), 
253.
17. Varga, R.S., "Matrix I te ra tiv e  A na lys is," Englewood C l i f f s ,  N .J.:
Prentice H a ll, 1962.
18. Von Rosenberg, D.U., "Methods fo r  the Numerical Solution of P artia l
D iffe re n tia l Equations," New York: American E lsevier Publishing Co., 
In c ., 1969.
138
19. Watts, J.W., "An Ite ra t iv e  Matrix Solution Method Suitable fo r
Anisotropic Problems," SPE Reprint No. 11 (1973), p. 119.
20. Weinstein, H.G.; Stone, H .L .; and Kwan, T .V ., "Simultaneous Solution
o f Multiphase Reservoir Flow Equations," SPE Reprint No. 11 
(1973), p .124.
21. Woo, P.T .; Roberts, S .J .; and Gustavson, F.G., "Application of
Sparse Matrix Techniques in  Reservoir S im ulation," SPE No. 4544.
APPENDICES
APPENDIX A 
UNITS AND CONVERSION FACTORS





fa c to r *
A Area m2 0.09290
C Com pressibility Pa'^ kPa-1 Psi-1 0.14504
D Depth m m f t 0.30480
g Gravi ty
2
m/s m/s^ ft/s 2 0.30480
h Thickness m m f t 0.30480
k Permeability m2 um^ darcy 0.98690
P Pressure Pa kPa Psi 6.89476
*^o,w
"s
Liquid Flow St.m^/s St.m^/d STB/d 0.15899
Rate
Gas Flow Rate St.m^/s St.m^/d SCF/d 0.02832
“ s j S o lu b ility kg/kg kg/kg SCF/STB 0.17811 p* ,
S o lu b ility kg/kg kg/kg SCF/SCF PS /P t
T Temperature K K R 5/9
t Time s d d 1
P V iscosity Pa-s mPa-s cp 1
P Density kg/ni^ kg/m^ ’ V f t 2 16.0185
*To obtain the p ractica l u n it, m u ltip ly  the English un it by the 
corresponding conversion fac to r.
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APPENDIX B
FLOW CHART CONVENTION 
The fo llow ing boxes, each o f cha rac te ris tic  shape, are used fo r 
constructing the flo w ch a rts  in  th is  study.
Commencement
Computation
( ) Do loop
/
I f  statment
Input (read)




CONSTANT VALUES USED IN THIS STUDY
DPLIM = 1000 kPa
DSLIM = 0.15
DTMAX = 10 d
DTMIN = 10 d (0.1










OUTMOD = 30 d





T* = 273.16 K
= 600 d
t i = 0 d
z* = 1.0















Geometry and Properties o f the Reservoir Model
E-1 Constant Properties o f the Reservoir Model
E.2 Relative Perm eabilities
E.3 V iscosities
E.4 S o lu b ilit ie s
E.5 Densities




E .l Constant Properties o f the Reservoir Model 
_s 1







- 6  _ 1
10 kPa
kx
= 0.05 ym̂  (homogeneous case)
V
= 0.05 ym̂  (homogeneous case)
EgP = 14000 kPa
Poi








T = 325 K
Tpc
= 218 K
4' = 0.151 at 15500 kPa
E.2 Relative Permeabilities
- V  /  (E-1)
%  = (So -  V  /  ( l - ^ o r  -  Swc»' ( E . 2 )
%  '  ( : g  -  S g c ) ' /  ( 1  -  Sgc  ’  V  ‘  S o , ) =  ( E - 3 )
krg 1 0 (E.4)
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E.3 V iscosities
Ww = 0.395 (E.5)
Ug = 0.0096 + 6.43967 x 10“  ̂* P. (E.6)
Uq = 0.459 - 6.6 X  lO'G ^  p ,  P < Pgp (E.7)
Pg = 0.459 - 6.6 X  lO'G * Pgp , P > Pgp (E.8)
E.4 S o lu b ilit ie s
Rgq = 0.09457 + 5.5 x 10"® * P , P < Pgp (E.9)
Rgq = 0.17157 , P > Pgp (E.IO)
Rsw = 0 ( E ' l l )
E.5 Densities
"o = PS (1 -  Rso> + RsoPg - 85 (E.12)
p„ '  p ; (5.13,
p* J* 2* P
P* T Z  (E.14)
The com pressib ility  fac to r (z) is  calculated from the fo llow ing 
equations®:
z = P^(0.13911^ - 0.2988) + 0.00071^ + 0.9969 ,P^ < 1.2 (E.15)
z = P^(0.09841^ - 0.2053) + 0.06211^ + 0.8580 ,1.2<P^<2.8 (E.16)
z = P ^(-0 .02841^ + 0.0625) + 0.47141^ - 0.0011 ,P^> 2.8 (E.17)





E.6 C ap illa ry  pressure data 1 0
Pew ^0 *̂ cg
0.1 28.344 0.1 31.144
0.2 0.655 0.2 0.462
0.3 0.496 0.3 0.290
0.4 0.421 0.4 0.138
0.5 0.352 0.5 -0.007
0.6 0.283 0.6 -0.152
0.7 0.214 0.7 -0.296
0.8 0.145 0.8 -0.441
0.86 0.076 0. 89 -0.586














D ig itized Reservoir Thickness
Top o f the Reservoir Depth
D ig itized Middle of the Reservoir Depth
D ig itized Reservoir I n i t ia l  Pressure
Reservoir Heterogeneous Permeability
D ig itiz ie d  Reservoir Heterogeneous Permeability
Configuration o f Wells
Production -  In je c tio n  Flow Rates
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Figure E.l - Discretized Reservoir System
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CI = 3 meters
Figure E .2 - Reservoir Thickness(meters)
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0 1 5 5 3 2 3 5 5 5 0 0 0
1 7 8 8 8 8 8 9 9 8 6 0 0
3 9 11 12 9 9 14 14 11 9 6 0 0
3 9 12 15 15 15 16 14 11 8 6 0 0
3 9 12 16 17 17 16 12 9 8 6 0 0
3 9 12 15 17 17 15 12 11 8 6 2 0
2 8 11 14 15 16 16 14 12 11 8 5 1
0 7 10 12 14 15 14 14 13 11 9 7 2
0 3 9 12 13 14 14 13 13 11 9 7 1
0 1 8 11 12 13 13 13 12 10 3 5 0
0 0 6 9 10 11 12 12 10 9 7 3 0
0 0 6 9 10 11 11 11 10 9 6 2 0
0 0 3 9 10 11 11 11 10 9 6 3 0
0 0 3 9 12 13 12 12 11 9 7 3 0
0 0 6 9 12 14 14 14 12 11 8 6 1
0 0 8 10 13 14 14 14 13 11 9 6 1
0 1 9 11 12 13 14 14 12 11 9 6 1
0 0 8 10 11 11 12 11 11 10 8 4 0
0 0 3 7 9 10 10 10 9 9 7 3 0
0 0 0 3 7 8 8 6 7 6 3 0 0
0 0 0 0 0 2 2 2 2 0 0 0 0
Figure E.3 - Digitized Reservoir Thickness (meters)
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CI = 3 meters
Figure E.4 - Top of the Reservoir Depth (meters below sea level)
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0 1481 1481 1481 1479 1475 1471 1466 1463 1461 0 0 0
1481 1481 1479 1478 1476 1473 1468 1466 1464 1461 1457 0 0
1478 1477 1476 1474 1471 1469 1468 1466 1463 1460 1456 0 0
1478 1477 1475 1475 1472 1470 1468 1465 1462 1459 1456 0 0
1478 1477 1476 1476 1474 1471 1468 1464 1461 1459 1456 0 0
1479 1479 1477 1477 1475 1474 1471 1466 1463 1460 1457 1453 0
1480 1479 1478 1478 1476 1474 1473 1470 1466 1463 1459 1458 1452
0 1482 1480 1477 1476 1475 1472 1470 1469 1463 1461 1458 1452
0 1480 1480 1478 1476 1474 1472 1470 1469 1465 1462 1458 1452
0 1481 1481 1479 1475 1473 1472 1469 1467 1464 1461 1457 0
0 0 1481 1480 1476 1472 1469 1468 1465 1463 1460 1456 0
0 0 1482 1482 1479 1474 1470 1467 1464 1463 1459 1454 0
0 0 1483 1483 1481 1478 1472 1469 1465 1463 1459 1456 0
0 0 1483 1483 1482 1481 1476 1472 1468 1464 1461 1458 0
0 0 1482 1482 1481 1480 1476 1473 1470 1468 1463 1461 1458
0 0 1482 1481 1481 1479 1476 1473 1471 1468 1466 1463 1459
0 1482 1482 1481 1480 1478 1476 1474 1471 1470 1467 1464 1461
0 0 1481 1481 1479 1477 1476 1474 1473 1470 1468 1464 0
0 0 1479 1479 1478 1476 1475 1474 1473 1472 1469 1466 0
0 0 0 1479 1479 1477 1475 1474 1473 1471 1469 0 0
0 0 0 0 0 1476 1474 1472 1471 0 0 0 0
Figure S,5 - Digitized Middle of the Reservoir Depth(meters)
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0 15700 15700 15700 15687 15661 15635 15603 15584 15571 0 0 0
15700 15700 15687 15680 15667 15648 15616 15603 15590 15571 15545 0 0
15680 15674 15667 15654 15635 15622 15616 15603 15584 15564 15539 0 0
15680 15674 15661 15661 15642 15629 15616 15597 15577 15558 15539 0 0
15680 15674 15667 15667 15654 15635 15616 15590 15571 15558 15539 0 0
15687 15687 15674 15674 15661 15654 15635 15603 15584 15564 15545 15519 0
15693 15687 15680 15680 15667 15654 15648 15629 15603 15584 15558 15551 15513
0 15706 15693 15674 15667 15661 15642 15629 15622 15597 15571 15551 15513
0 15693 15693 15680 15667 15654 15642 15629 15622 15597 15577 15551 15513
0 15700 15700 15687 15661 15648 15642 15622 15609 15590 15571 15545 0
0 0 15700 15693 15667 15642 15622 15616 15597 15584 15564 15513 0
0 0 15706 15706 15687 15654 15629 15609 15590 15584 15558 15526 0
0 0 15712 15712 15700 15680 15642 15622 15597 15584 15558 15539 0
0 0 15712 15712 15706 15700 15667 15642 15616 15590 15571 15551 0
0 0 15706 15706 15700 15693 15667 15648 15629 15616 15534 15571 15551
0 0 15706 15700 15700 15687 15667 15648 15635 15616 15603 15584 15558
0 15706 15706 15700 15693 15680 15667 15654 15635 15629 15609 15590 15571
0 0 15700 15700 15687 15674 15667 15654 15648 15629 15616 15590 0
0 0 15687 15687 15680 15667 15661 15654 15648 15642 15622 15603 0
0 0 0 15687 15687 15674 15661 15654 15648 15635 15622 0 0
0 0 0 0 0 15667 15654 15642 15635 0 0 0 0






Figure E.7 - Reservoir Heterogeneous Permeability (micro-meter )
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0 .10 .09 .08 .07 .06 .06 .05 .04 .03 0 0 0
10 .10 .09 .08 .07 .06 .06 .05 .04 .03 .02 0 0
10 .10 .09 .08 .07 .06 .06 .05 .04 .03 .02 0 0
10 .10 .09 .08 .07 .06 .06 .05 .04 .03 .02 0 0
10 .10 .09 .08 .08 .07 .06 .05 .04 .03 .02 0 0
10 .10 .09 .08 .08 .07 .06 .05 .04 .04 .03 .02 0
10 .10 .10 .09 .08 .07 .06 .05 .04 .04 .03 .02 .02
0 .10 .10 .09 .08 .07 .06 .06 .05 .04 .03 .02 .02
0 .10 .10 .09 .08 .07 .06 .06 .05 .04 .04 .03 .02
0 .10 .10 .09 .08 .07 .06 .06 .05 .04 .04 .03 0
0 0 .10 .09 .08 .08 .07 .06 .06 .05 .04 .03 0
0 0 .10 .10 .09 .08 .07 .06 .06 .05 .04 .04 0
0 0 .10 .10 .09 .08 .07 .06 .06 .05 .04 .04 0
0 0 .10 .10 .09 .08 .08 .07 .06 .05 .04 .04 0
0 0 .11 .10 .09 .08 .08 .07 .06 .06 .05 .04 .04
0 0 .11 .10 .10 .09 .08 .07 .06 .06 .05 .04 .04
0 .12 .11 .10 .10 .09 .08 .07 .06 .06 .05 .04 .04
0 0 .11 .11 .10 .09 .08 .08 .07 .06 .06 .05 0
0 0 .11 .11 .10 .10 .09 .08 .07 .06 .06 .05 0
0 0 0 .11 .10 .10 .09 .08 .08 .07 .06 0 0
0 0 0 0 0 .10 .10 .09 .08 0 0 0 0















64 80 14 162 10 1812 20
Time ( Month^
Figure E.IO - Production-Injection Flow Rates 
(Well numbers are between parenthesis)
APPENDIX E
COMPUTER LISTING OF THE NUMERICAL PROCEDURES
FHOTRAN I V  G I . PV=I ? I MA 1 ■!
0 0 0 1
) 302 
0 0 0 3  
3 3 ) 4
0 0 0 5
0 0 0 6  
0 3 3 7  
o o o n
0 0 0 9
0 0 1 0  
0 0 1 1
0 0 1 2
3 3 1 3
0 0 1 4
0 0 1 5
0 0 1 6  
3 3 1 7  
o o i a
0 0 1 9
0 0 2 0  
0 0 2 1
0022
3 3 2 3






L O C A T I O N :
D E P A R T M E N T :
c o m p u t e r :
a u t h o r :
A o v i s o r :
D A T E :
BLOC K DATA
c o m p u t e r  S T U O T  t o  s u p p l e m e n t  a  P H . D .  D I S S E R T A T I O N .  
U N I V E R S I T Y  OF O K L A H O M A ,  N O R M A N ,  O K L A H O M A ,  U . S . A .  
P E T R O L E U M  6  G E O L O G I C A L  E N G I N E E R I N G  
I B M  3 6 0
MUHAMMAD A L I  A L - M A R H O U N  
H .  B .  C R I C H L O *
S P R I N G  1 9 7 3
P U R P O S E  OF S U B R O U T I N E  
I N I T I A L I Z A T I O N
C O M M O N / C O I /  
C O M M O M / C 0 7 /  
C 0 M M 0 N / C 3 5 /  
C O M M O N / C I 0 /  
C O M M O N / C l 1 /  
C O M M O N / C I 2 /  
C O M M O N / C l 3 /  
C 0 M M 0 N / C I 4 /  
C O M M O N / C l 5 /  
C 0 M M 0 M / C 1 6 /
H
C O M M O N / C 1 9 /
3
C O M M O N / C 2 0 /
C 0 M M 0 N / C 2 1 /
0
C 0 M M 0 N / C 2 2 /
C 0 M M 0 N / C 2 4 /
C 0 M M D N / C 2 7 /
C 0 M M 0 N / C 2 8 /










E ( 3 4 5 t , A ( 3 4 S ) , B ( 3  4 S ) , C ( 3 4 S )  , F ( 3 4 S 1 , P ( 3 4 5  I , D ( 3 4 5  I  
I Q ( 3 4 5 1  , 0 0 1 3 4 5 1 , 0 * 1 3 4 5 ) , Q G ( 3 4 5 } , NW, I N O M ( 1 0 0 )  , P W F , R W  
P R M X I 3 4 5 ) , P H m y  1 3 4 5 )
H K X ( 3 4 5 > , H K Y I 3 4 S )
O O C ( 3 4 5  I , 0 4  0 1 3 4 5  I , Q G C ( 3 4 5 ) . R T . R O C , R W C , R G C , N W N ( 1 0  3) 
P 0 R ( 3 4 5 ) , V 0 L ( 3 4 5 ) , C O , C * . C R . T V O L  
R P P M 0 I 3 4 5 ) , R P R M W ( 3 4 5 ) , R P R M G ( 34  5 )
S O C 3 4 S ) , S W ( 3 4 5 ) , S G ( 3 4 S ) . S m C , S O R , S G C « P R P  
V I S 0 ( 3 4 5 ) , V I S W ( 3 4 S ) , V 1 S G ( 3 4 S )
H L A M T Y I 3 4 5 ) , H U A M T X ( 3 4 5 ) , H L A M O X ( 3 4 5 ) , H L A M O V ( 3 4 5 ) .  
H L A M W X I 3 4 5 ) . H L A M * Y ( 3 4 5 ) . M L A M G X ( 3 4 5 I , H L A M G V ( 3 4 5 )
D E N O ( 3 4 5 ) . D E N * ( 3 4  5 ) , D E N G ( 3 4 5 ) , O E N O S C , D B N W S C , DENGSC  
, C P H ( 3 4 5 )
P C W ( 3 4 S ) , P C G ( 3 4 5  ) , R C W S (  1 0 )  , S W S ( 1 0 ) , P C G S ( 1 0 ) , S O S ( 1 0 )  
P S A V E ( 3 4 5 ) , S O S A V E ( 3 4 5 ) , S * S A V E ( 3 4 5 I , S G S A V E ( 3 4 5 )
, 0 r ( 3 4 5 ) , B 0 ( 3 4 5 ) , B W l 3 4 5 )
T H E T A . O T . A M A X D T , A  M IN O T
o n e s ( 3 4 5 ) , Q W C S ( 3 4 5 ) . Q G C S (  3 4 5 )
I S A ( 3 4 5 ) , 1 A S ( 3 4 S ) . M L , N E , N B I , A A ( 1 6 , 1 7 5 ) , C C ( 1 6 . 1 7 5 )
I P S ( 3 9 0 ) , H I . M 2 , I S S , A R ( 4 1 0 ) , C 8 ( 4 I 0 ) , E E ( 4 1 0 ) , F F | 4 1 0 )  
G ( 1 7 , 1 9 5 ) , H H ( 1 6 . 1 9 S ) . Y ( 4 1 3 )
A R , C B , ï E , F F , Y , G , H H , A A , C C / 1 4 0 8 5 * 0 . 0 /
E , A , B , C , F , 0 , Q 0 , Q W , Q G , H K X , H K Y , V O L , Q O C S , QWCS, O G C S ,  
- A M T Y  , H L A M T X  , H L A M O X  , H L A M O y , HL AMWX , HL AMWY ,  l - L A l ' G X ,  HLAMC 
. P S A V E . D E N O . D E N * . D E N G , P C W , P C G , S O S A V E « S W S A V E , S G S A V E ,  
0 Q C , Q wC , Q G C , R P R M 0 , R P R M 4 , R P R M G , V I S O , V I S W , V I S G , S G , 1 Q  
/ 1 4 4 9 0 4 0 . 0 , 3 4 5 4  0 /
O P H , P O R . P R M X , P R M Y . P . S O , S W / 2 4 1 5 4  0 . 0 /  











m a p 1 10
- M A P 1 2 0
MAR 1 3 0
MAP 1 4 0
- M A P 1 5 3
MAR 1 6 0
MAP 1 7 0
MAR 1 8 0
MAP 1 9 0
MAP 2 3 3
MAR 2 ) 0
MAP 2 2 0
MAR 2 3 3
MAP 2 4 0
MAP 2 5 0
MAP 2 6 0
MAP 2 7 0
MAR 2 8 0
MAP 2 9 0
MAP 3 0 0
MAR 3 1 0
MAR 3 2 0
MAR 3 3 3
MAP 3 4 0
MAP 3 5 0
MAR 3 6 0
MAR 3 7 0
MAP 3 8 0
YMAR 3 9 0
MAR 4 0 0
MAP 4 1 0
MAP 4 2 0
MAP 4 3 0
MAP 4 4 0
MAP 4 5 0
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F O R T R A N  I V  G L E V E L 21 M A I N  D A T E  =  7 0 1 1 6 2  0 / 4 7 / 2 1
C C A L L  ONE OF T H E  F O L L O W I N G  S I X  D I F F E R E N T  METHODS MAH 9 0 0
C- 9 9 0
0 0 4 3 C A L L PSOR MAR 1 0 0 0
0 0 4 4 C A L L LSOr t MAR 1 0 1 0
0 0 4 5 C A LL A D I P MAR 1 0 2 0
0 0 4 6 C A L L S I P MAR 1 0 3 0
0 0 4 ? C A L L S T O A N D ! I N O ! I ) . I N D ! N > ) MAR 1 0 4 0
0 0 4 0 C A L L RA DP MAR 1 0 6 0
0 0 4 9 C ALL C P U T I M I T I N C ) MAR 1 0 7 0
0 0 5 0 T I M C P U =  T I M C P U  F T I N C MAR 1 0 0 0
0 0 5 1 C A L L S AT RN MAR 1 0 9 0
0 0 5 2 C A LL MASERR MAR 1 1 0 0
0 0 5 3 P R I N T  2 0 0 . N T R I A L , D T , T I M . R T . R O C . R U C . R G C , K . R H A X . t C N V R G MAR 1 1 1 0
0 0 5 4 I F ( W M D M A X . L E .  E PS M )  GO T O  3 0 MAR 1 1 2 0
0 0 5 5 I F (  N T R I A L . L T .  N T R M A X )  GO TO 2 0 MAR 1 1 3 0
0 0 5 6 3 0 I F ( ( T P R I N T - T I M )  . C T .  0 . 0 0 0 1 F D T N I N  )  GO TO 4 0 MAR 1 1 4 0
0 0 5 7 C A LL O U T P U T MAR 1 1 SO
0 0 5 0 4 ü I F ( ( T F I N A L - T I M )  . G T .  0 . 0 0 0 1 4 0 T H I N  )  GO TO 1 0 MAR 1 1 6 0
0 0 5 9 S TOP MAR 1 1 7 0
0 0 6 0 t o o F O R M A T ! l O X , • N L E V E L  = * . X 5  ) MAR 1 1 0 0
0 0 6  1 2 0 0 F O R M A T ! 2 0 X . I 1 0 . 2 F 1 0 . 2 . 4 F 1 0 . 4 . 1 1 0 .  F 1 0 . 4 .  1 1 0 ) MAR 1 1 9 0
0 0 6 2 3 0  0 F O R M A T Ü H I  ) MAR 1 2 0 0
0 0 6 3 END MAR 1 2 1 0
P AC E  0 0 0 2
m
FUR TAAN I V  G L E V E L  21 M AI N DATE 7 0 0 8 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 1
3 0 0 1
0 0 0 2
0 0 0 3
3 0 3 4
0 0 0 5
0 0 0 6  
0 0 0 7  
0 0 0 8
0 0 3 9  
0010 
0 0 1 1  
0 0 1 2
0 0 1 3  
0 0  1 4  
0 0 1 5  
0 3 1 6
0 0 1 7
3 ) 1 8




C -------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- MAP 1 2 2 0
S U B R O U T I N E  PSOH MAR 1 2 3 0
C -------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- MAP 1 2 4 0
C P U R P O S E  OF S U B R O U T I N E  MAR 1 2 5 3
C T O  PER FOR M P O I N T  S U C C E S S I V E  O V E R R E L A X A T I O N  METHOD MAR 1 2 6 0
C T O  S O L V E  T H E  P R C S S U P S  E Q U A T I O N S  MAR 1 2 7 0
C -------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- MAR 1 2 8 )
C O M M O N / C O I /  E I 3 4 S * . A I 3 4 5 3 . 8 ( 3 4 5 1 , C I 3 4 5 1 « F I 3 4 5 1 $ P I  3 4 5 1 . 0 1 3 4 5 1  MAP 1 2 9 0
C 0 M M 0 N / C 0 2 /  N X . N y . N X Y . N » I N D ( 3 4 5 ) . N X M I . N V M l  MAR 1 3 0 0
C O H M Q N / C 3 3 /  E P S . K , K M A X , R M A X « M , M , I C N V R G . B E T A ( 9 0 ) « G A M A I 3 4 S ) « N N R ( 3 0 ) MAR 1 3 1 0
K =  0  MAR 1 3 2 0
I C N V R G  =  0 m a r  1 3 3 0
1 0  K =  K f  1 MAP 1 3 4 0
RMAX =  0 . 0  MAP 1 3 5 0
C ---------------------------------------------------------------------------------------------- - -------------------------------------------------------------------------------------------m a r  1 3 6 0
C C O M P U T A T I O N  OF O V E R - R E L A X E D  P R E S S U R E S  MAR 1 3 7 0
C ------------------------------------   : MAR 1 3 8 3
DO 2 )  J  =  1 .  N MAP 1 3 9 0
I  =  I N D I J )  MAP 1 4 0 0
P S  =  P ( I )  MAR 1 4 1 3
P I I )  * ( D t I ) -  E ( I ) * P ( I - N X  I -  A ( I ) * P I I - 1  I  MAP 1 4 2 0
*  -  C ( I ) * P ( I + 1  1 -  F I I I * P ( I 4 N X  3 1 / 8 1 1 *  MAR 1 4 3 0
P i l l  =  P S  ♦  W 4 C P U )  -  P S *  MAR 1 4 4 0
R =  A B S ( ( P t I ) - P S ) / P ( I ) ) MAR 1 4 5 0
I F «  R . G T .  R MA X )  RMAX *  R MAR 1 4 6 0
2 9  C O N T I N U E  MAP 1 4 7 0
C ------------------------------------------------------------------------------- ----------------------------------------------------------------------------- ----------------------------MAR 1 4 8 0
C C H EC K F O R  C ON V ER G E N C E  MAP 1 4 9 0
C ------------------------------------------------------------------------------------- -------- :    MAR 1 5 0 0
I F (  RMAX . L E .  E P S )  GO T O  3 0  MAP 1 5 1 0
I F I K  . G E .  KMAX 3 GO T O  4 3  MAP 1 5 2 0
GO T O  1 0  MAR 1 5 3 0
3 0  I C N V R G  «  1 MAR 1 5 4 0
4 0  R E T U R N  MAP 1 5 5 0
END MAR 1 5 6 0
ro
FORTRAN I V  G L E V E L  21 LSriR DATE = 7 8 0 9 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 1
0001 S U B R O U T I N F  L S O R
0 0 1  1 
0 3 1 2  
0 0  1 3  
0 0 1 4  
3 3 1 5  
0 0  16  
0 0 1 7  
0 0  18 
0 0 1 9  
3 3 2 0  
0 0 2 1  
0 0 2 2  
0 3 2 3
0 0 2 4
0 0 2 5
0 0 2 6
0 0 2 7
3 3 2 8
0 0 2 9
0 0 3 0





P U R P O S E  OF S U B R O U T I N E
T O  P E R F OR M L I N E  S U C C E S S I V E  O V E R R E L A X A T I O N  METHOD  
T O  S O L V E  T H E  P R E S S U R E  E Q U A T I O N S
3 0 ) 2
c ——
C O M M O N / C O I / E I 3 4 S ) . A ( 3 4 S ) . B I 3 4 S ) . C I 3 4 S ) . F I  3 4 5 1 t P ( 3 4 S ) . 0 ( 3 4 5 )
0 0 0 3 C 0 M M O N / C 0 2 / N X . N Y . N X V  « N . I N D I 3 4 S ) . N X M I  , N YMl
0 0 0 4 C O M M O N / C 0 3 / E P S . K . K M A X . R M A X . M . W . I C N V R G . B E T A ! 9 3 ) . G A M A I  3 4 5 ) . N N R I  3 0
0 0 0 5 D I M E N S I O N P S A V E I 3 4 S ) . 0 X 1 3 4 5 )
0 0 0 6 D AT A D X / 3 4 5 4 0 . 0 /
3 0 37 I C N V R G =  0
0 0 0 8 K =  0
0 0 0 9 1 0 K =  K ♦  1
0 3 1 0
c -------------
RMAX =  0 . 3
C
C -
C O M P U T A T I O N  OF O V E R - R E L A X E D  P R E S S U R E S
J E 0
DO 3 0  KK 2 .  N Y M l
J S J E  «- 1
J E J E  » NN
DO 2 3  J J S  .  J E
I I N D I J )
P S A V E t I ) = P I  I  )
20
30
D X I I )  *  D ( I ) - E l I ) 4 P C I - N X  ) - F ( I ) 4 P ( l 4 N X  1
C A L L  T H O M S H I J S . J E . O X )
DO 3 0  3 =  J S  ,  JE
I  =  I N D I J )
P I  I )  =  P S A V E 1 1 1 + W 4 I P I  I ) - P S A V E I  I ) )
R =  A B S I  I P I  I I - P 5 A V E  I  D I / P I  I  I  I





C H E C K  F O R  C O N V E R G E N C E
I F  I  RMAX . L E .  E P S )  GO T O  4 0  
I F I K  . G E .  KMAX )  GO T O  5 0  
GO TO 1 0  
4 0  I C N V R G  =  1 
SO R E T U R N  
E ND
MAP 1 5 7 3
—  MAP 1 s e o
MAP 1 5 9 0
MAR 1 6 3 3
MAR 1 6 1 0
- M A R 1 6 2 0
MAR 1 6 3 0
MAR 1 6 4 0
>)MAP 1 6 5 3
MAP 1 6 6 0
MAR 1 6 7 0
MAR 1 6 8 0
MAR 1 6 9 0
MAR 1 7 0 3
MAP 1 7 1 0
- M A R 1 7 2 0
MAR 1 7 3 0
- M A R 1 7 4 0
MAR 1 7 5 0
MAP 1 7 6 0
MAR 1 7 7 0
MAP 1 7 8 3
MAP 1 7 9 0
MAR 1 8 0 0
MAR 1 8 1  3
MAP 1 8 2 0
■ MAP 1 8 3 0
m a r 1 8 4 0
MAR 1 8 5 0
MAP 1 8 6 3
MAR 1 8 7 0
MAP 1 8 8 0
MAP 1 8 9  3
1 9 0 0
MAR 1 9 1 0
- M A P 1 9 2 0
MAP 1 9 3 0
MAR 1 9 4 3
MAP 1 9 5 0
MAR I 9 6 0
MAP 1 9 7 0
MAR 1 9 8 0
cnCO
F 3 R T P A N  I V  G L E V E L  21 THQHSH DATE = 7 8 0 8 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 1
0 0 0 1 S U B R O U T I N E T H O M SH  ( J S  t  J E » R ) MAR 1 9 9 0
2 0 0 0
C P U R P O S E  O F  S U B R O U T I N E MAP 2 0 1 0
C T O  PER FOR M T H E  TH OMA S A L G O R I T H M  ON A C LO S E D  B AN D M A T R I X MAP 2 0 2 0
2 3 3 0
0 0 0 2 C O M M O N / C O I / E l 3 4 5 ) , A ( 3 4 5 1 , 8 ( 3 4 5 ) « C I  3 4 5 1 « E l  3 4 5 ) » P ( 3 4 5 ) » D ( 3 4 5 ) MAP 2 0 4 0
0 0 0 3 C 0 M M 0 N / C 0 2 / N X . N Y . N X Y . N . I N O I 3 4 5 ) , N X M I , N Y M l MAP 2 0 5 0
0 0 0 4 0 1  P E N S I O N R I N X Y ) . B E T A I 3 4 S 0 MAR 2 0 6 0
0 0 0 5 DATA B E T A / 3 4 5 4 1 , 0 / MAR 2 0 7 0
0 0 0 6 J E P l J 3 4 J S MAR 2 0 8 0
0 0 0 7 I I N D U S ) MAR 2 0 9 0
0 0 0 8 B E T A ( I ) B I T ) MAP 2 1 0 0
0 0 0 9 P I  1 ) R ( 1 ) / 8 ( I ) MAP 2 1 1 0
0 0 1 0 J S P l J S  *  1 MAR 2 1 2 J
0 0 1 1 0 0  2 0  J J S P l . JE MAP 21 3 0
0 0 1 2 I I N D I J ) MAP 2 1 4 0
0 0 1 3 I M l 1 - 1  . MAP 2 1 5 0
0 0  14 B E T A I I ) * B I I ) - A ( I I 4 C I I H I O / B E T A I I M | ) MAR 2 1 6 0
0 0 1 5 2 0 R (  TO a ( R I I ) - A ( I ) * R I I H I  I  O / B E T A I 1 ) MAft 2 1 7 0
0 0 1 6 I = I N D U E ) MAR 2 1 8 0
0 0 1 7 P i t ) R I D MAP 2 1 9 0
0 0 1 8 OO 3 0  J J S P l « JE MAR 2 2 0 0
0 0 1 9 I I N O U E P l  -  JO MAR 2 2 1 0
0 0 2 0 3 0 P I  I ) R I D  -  C ( I ) * P ( I 4 1 ) / B E T A ( I 0 MAP 2 2 2 0
0 0 2 1 R E T U R N MAR 2 2 3 0
0 0 2 2 E ND MAR 2 2 4 0
en
FDPTRAN I V  G L E V f L  21 AO I P DATE a  7 8 0 8 6 2 3 / 4 6 / 3 3 PAGE 3 ) 3 1
) ) ) ! '•.unnnuTI Nr 41)1 I'
0002
0 0 0 3
0 0 0 4
0 0 0 5  
3 ) 3 6
0 0 0 7
3)30
0 0 0 9  
0 0 1 0
0 0 1  I 
0 0 1 2  
3 3 1 3
0 0 1 4
0 0 1 5  
3 0 1 6  
0 0 1 7  
0 3 1 8
0 0 1 9
0 0 2 0
0 0 2 1
0022
3 ) 2 3
0 0 2 4
0 0 2 5
0 0 2 6
3 3 2 7
0 0 2 8
0 3 2 9
0 0 3 0
0 0 3 1
0 0 3 2
P U RP O S E  OF S U B P O U T I N S
TO P ER FOR M THE A L T E R N A T I N G  C l R E C T f O N  T H P I C I T  PROCEDURE  
TO S O L V E  T H E  P R E S SU RE  E Q U A T I O N S
C OMM ON /C O 1 / E ( 3 4 5 1 , A ( 3 4 5 ) . 8 ( 3  4 5 ) . 0 ( 3 4 5 ) , F ( 3 4 5 ) « P ( 3 4 5 ) . 0 ( 3 4 5 )
C O M M 0 N / C 0 2 / N X . N Y . N X Y . N . I N D ( 3 4 5 ) . N X M 1 . N V M 1
C O M M 0 N / C 0 3 / E P S . K . K H A X . R M A X . M . M . I C N V R G . B E T A ( 9 0 ) • G AMA ( 3 4 5 ) . N N R ( 3 0 )
C O M M O N / C 0 6 / D X ( 2 0 ) . D Y ( 2 5 ) . D X M ( 2 0 ) . D Y M ( 2 5 )
C O M M O N / C l 5 / H L A M T V ( 3 4 5 ) . H L A M T X ( 3 4 5 ) . H L A M 0 X ( 3 4 5 ) . H L A M C Y C  3 4 5 ) ,
H HLAMWXC 3 4 5 )  . HLAMW Y ( 3 4 5 )  . HL A M G X C  3 4 5 )  . H L A M G Y ( 3 4 5 )
D I M E N S I O N 8 6 ( 3 4 5 ) , D D ( 3 4 5 ) , P S A V E ( 3 4 5 )
D ATA D D / 3 4 3 4 0 . 0 /
DO 1 0 I  =  1 . N X Y
BBC I ) a  3 . 3
1 0 D 0 {  I  ) =  0 . 0
K =  0
KB = 3
I C N V R G =  0 1
3 0 K a  K + 1
KB =  KB + 1
RMAX a  0 . 0
DO 3 5 J =  1 .  N
I =  I N D ( J ) 1
3 5 p s A v e i I ) a  P (  I  1
S E L E C T I O N OF A C C E L E R A T I O N  P A R A M E T E R
I F ( K B  . E Q . ( M » I 1 )  KB a  1 1
B E T a  O E T A ( K B )
X - D I R E C T I O N SWEEP 1
DO 4 0 3 =  l . N 1
I a I N D ( J )
0 0 ( 1 ) a  8 ( 1 )  ♦ EC I )  ♦  F ( I )  -  G A M A ( 1 ) « B E T 1
4 0 O D ( I ) a  D ( I ) - E ( I ) * P ( I - N X ) + ( E ( I ) A F ( I ) G A M A ( I ) * B E T ) * P ( I ) 1
6 - F ( I ) * P ( I + N X ) 1
C A L L T R I H Q R C A . B 8 . C . D D . P ) 1
Y - D I R F C T I O N SWEEP
DO SO 3 a  l . N 1
I a  I N O ( J ) 1
BBC I  ) a  B ( : ) + A ( I )  *  C ( I )  -  G A M A ( I ) 4 0 E T 1
5 0 DD< I  ) a  D ( I ) - A ( I ) * P ( I - | ) + ( A ( I ) * C ( I ) - G A M A ( I ) * B E T ) * P ( I )
C - C ( I ) * P ( I 4 1 ) 1
C A L L T R I V E R ( E . B B . F . D D . P ) 1



























- M A R
MAP

























2 2 6 0  
2 2 7  3 
2 2 H 0  
2 2 9 0  
2 3 0 0  
2 3 1 0  
2 3 2 3  
2 3 3 0  
2 3 4 0  
2 3 5 0  
2 3 6 0  
2 3 7 )  
2 3 6 0  
2 3 9 0  
2 4 3 3  
2 4 1 0  
2 4 2 0  
2 4 3 0  
2 4 4 0  
2 4 5 3  
2 4 6 0  
2 4 7 0  
2 4 6 0  
2 4 9 0  
2 5 3 3  
2 5 1 0  
2 5 2 0  
2 5 3 3  
2 5 4 0  
2 5 5 0  
2 5 6 0  
2 5 7 0  
2 5 8 3  
2 5 9 0  
2 6 0 0  
2 6 1  3 
2 6 2 0  
26  3 0  
2 6 4 0  
2 6 5 0  
2 6 6 3  
2 6 7 0  
2 6 8 0  
2 6 9 0  
2 7 0 0  
2713 
2 7 2 0  
2 7 3 0  
2 7 4 )  
2 7 5 0  
2 7 6 0
CD
CD
FORTRAN I V  G L E V E L  21 A O I P DATE »  7 8 0 8 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 2
0 0 3 3
0 ) 3 4
0 0 3 5
0 0 3 6
0 0 3 7
0 0 3 8
)  ) 3 9
0 0 4 0
0 0 4 1
0 0 4 2
0 0 4 3  
3 ) 4 4
DO 6 0  
I
D I F F
R
I F (  P . G T .
6 0  C O N T I N U E
J = 1 . N  
=  I N D ( J )
=  P ( I I  -  P S A V E t l )
=  A B S I O I F F  / P I  I  I )  




C HE CK  F OR  C O N V ER GE N CE
I F !  RMAX . L E .  E P S )  GO T O  7 0  
I F I K  . G E .  KMAX )  GO T O  8 0  
GO T O  3 0  
7 0  I C N V R G  =  I  
8 0  R F T U P N  
END
MAP 2 7 7 )
MAP 2 7 8 0
MAP 2 7 9 0
MAR 2 8 0 )
MAR 2 8 1  0
MAR 2 8 2 0
MAP 2 8 3 0
MAP 2 8 4 0
MAR 2 8 5 )
MAR 2 8 6 0
MAR 2 8 7 0
m a p 2 8 8 )
MAP 2 8 9 0
MAP 2 9 0 0
MAR 2 9 1 0
cr>
cn
FORTRAN I V  G L EVÇL  21 T R I H O R DATE = 7 8 0 8 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 1
0 0 0 1 S U B R O U T I N E T R i H O R i A , B , C , R , P ) MAR 2 9 2 0
C P U R P O S E  OF S U B R O U T I N E MAR 2 9 4 0
c T O  P E R F OR M T H E  THOMAS A L G O R I T H M  ON A C L O S E D  B AND M A T R I X MAP 2 9 5 3
c - 2 9 6 0
0 0 0 2 C 0 M M 0 N / C 0 2 / N X . N T i N X V . N t I N D i 3 4 5 ) . N X M l . N Y M I MAR 2 9 7 0
3 3 ) 3 D I M E N S I O N A i N X y 1 . B i N X V ) . C i N X V l . R i N X V ) . P i N X V 1 i B E T A i 3 4 5 ) MAP 2 9 8 0
0 0 0 4 DATA B F T A / 3 4 5 4 1 . 0 / MAP 2 9 9 0
0 0 0 5 N P l = N ♦ 1 MAP 3 3 3 )
0 ) ) 6 I = I N O i  11 MAP 3 0 1 0
0 0 0 7 B E T A ! I  1 = B i  I  1 MAR 3 0 2 0
0 0 0 8 P i  I » » R I I l / B i 11 MAP 3 3 3 )
0 0 0 9 DO 2  0 J  = 2  .  N MAP 3 0 4 0
0 0  10 I I N D I J l MAP 3 0 5 0
3 3 1 1 I M I = I  — 1 MAP 3 0 6 0
0 0 1 2 B E T A i l 1 = a | I ) - A i I ) * C i l M l ) / B E T A i I M I ) MAP 3 0 7 0
0 0 1 3 2 0 R I D I R ( I ) - A i I ) * R i l M l l ) / B E T A i I  1 MAP 3 3 8 )
3 > | 4 I I N D i N l MAR 3 0 9 0
0 0  1 5 P i  I  1 R i  I  ) MAP 3 1 0 0
0 0 1 6 DO 3 0 J  » 2 .  N MAP 3 1 1 3
0 0  17 I * I N D I N P I  -  J1 MAR 3 1 2 0
0 0 1 8 3 0 P i l l » R i l l  -  C i  I D P i  1 ♦ l l / B E T A i  1 1 MAP 3 1 3 0
0 0 1 9 R E T U R N MAP 3 1 4 0
0 0 2 0 E ND MAR 3 1 5 0
FDRTOAN I V  G I F V Ç L  21 T H I V ? P DATE = 7 8 0 8 6 2 0 / 4 6 / 3 1 PAG? 0 0 0 1
0001
0 002
J 0 3 3
0 0 0 4
0 0 0 5
0 0 0 6  
0 0 0 7  
3 3 3 8
0 0 0 9
0 010  
3 3 1 1  
0 0 1 2
0 0 1 3
0 0 1 4
0 0 1 5
S U 8 R 0 U T I N E T P I V E n ( E . B . F . R . P )
20
4 0
P U O P O S C  O F  S U B R O U T I N E
T O  P E R F OR M TH E  TH OMA S A L G O R I T H M  ON A W I D E B AN D M A T R I X
C 0 M H O N / C 0 2 /  N X , N Y , N X Y , N , I N D l 3 4 5 1 , N X M 1 , N Y M I
D I M E N S I O N  
D A T A  
N P l  
00 20 
I
I M N X
B E T A ! I ) 
R ( l >
on 43 •
I
p (  I  )
R E T U R N
FNO
E ( N X Y ) . B ( N X V ) , F ( N X Y ) . R ( N X Y ) , P ( N X V ) , B E T A ( 3 4 5 )  
B E T A / 3 4 5 * ) . 0 /
=  N + 1 
=  1 , N  
= I N D ( J )
= I - N X
= B ( I ) - E ( I ) * F ( I M N X  
= ( R ( I ) - E ( I ) * R ( X M N X  
=  1 «N
=  I N D I N P I  -  J )
= R ( I ) - F I I ) * P ( I + N X  ) / B E T A ( I )
l / B E T A ( I M N X )  
I  ) /  S E T A d  )
MAP 3 1 6 3
3 1 7 0
MAR 3 1 8 0
MAR 3 1 9 0
3 2 0 0
WAR 3 2 1  0
MAR 3 2 2 0
MAP 3 2 3 0
MAR 3 2 4  3
MAP 3 2 5 0
MAR 3 2 6 0
MAR 3 2 7 0
MAR 3 2 8 0
MAR 3 2 9 3
MAR 3 3 0 0
MAR 3 3 1 0
MAR 3 3 2 3
MAP 3 3 3 0
MAR 3 3 4 0 cn00
FORTRAN I V  G L E V E L  21 S I P DATE 7 a i  16 2 0 / 4 7 / 2 1 PACE 0 0 0 1
0001 S U O R O U T I N E ;ip
0 0 0 2  
0 0 0  3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9  
0 0  10 
0 0 1 1
00  12 
0 0 1 3  
0 0  14  
0 0 1 5  
0 0  1 6
0 0 1 7  
0 0  1 8  
0 0  19
0 0 2 0  
0 0 2 1  
0 0 2 2
0 0 2 3
0 0 2 4
0 0 2 5
0 0 2 6
0 0 2 7
0 0 2 8
0 0 2 9
0 0 3 0
0 0 3 1
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5
0 0 3 6
C -cc
cc-
P U R P O S e  OF S U O R U U T I N E
T O P ERF ORM S T RO N GL Y  I M P L I C I T  P R O C ED U RE  
TO S O L V E  T H E  P R E S S U R E  E Q U A T I O N S
3 0
C O M M O N / C O l /
C O M M 0 N / C 0 2 /
C 0 M M Q N / C 0 3 /
C O H M O N / C a i /
3
C 0 M M 0 N / C 3 0 /
D I M E N S I O N
DATA
DO 5  J
I
D (  I  )
1
I C N V R G
K
K 2 E T A  
K
RMAX
E I 3 4 5 )  . A I 3 4 5 ) . » ( 3 4 5 ) . C ( 3 4 5 ) . F I  3 4 5 1 . P I  3 4 5 1 . O I  3 4 5 >
N X , N Y . N X Y , N , I N D I  3 4 5 ) . N X M 1 . N Y M I  
E P S . K . K M A X . R M A X . M . W . I C N V R G , U E T A I 9 0 )  .GAMA I 3 4 5 ) , N N R ( 3 0  
P S A V E I 3 4 5 ) . S 0 5 A V E I 3 4 5 ) . S W S A V E I 3 4 5 ) , S G S A V E ( 3 4 S )  
. 0 7 ( 3 4 5 ) , Q 0 ( 3 4 5 ) . B W I  3 4 5 )
A L P H A ! 1 0 )
E E ( 3 4 S ) . A A C  3 4 5 ) . C C I 3 4 5 ) . F F ( 3 4 5 ) . Y ( 3 4 5 ) . O P S A V E < 3 4 5 )  
E E , A A , C C . F F , V / 1 7 2 5 * 0 . 0 /
=  l . N  
=  I N O ( J )
=  0 ( 1 ) - E ( I ) * P S A V E (  I - N X ) - A ( 1 ) * P S A V E (  I - l  ) - Q ( I ) * P S A V E ( 1 
- C ( 1 ) * P S A V E ( 1 + 1  ) - F ( I ) * P S A V E I I + N X )
= O
=  o 
= 0
= K ♦ 2





C A L C U L A T I O N  OF C U R R E N T  I T E R A T I O N  P A R A M E T E R  A L F A
I F (  M O O I K Z E T A  , M )  , E Q .  
K Z E T A  = K Z E T A  +
0)
1
K Z E T A  =  O
A L F A =  A L P H A ( K Z E T A )
0)
0)
O D D - N U M B E R E D  I T E R A T I O N
0 0  4 0  J =  1 ,  N
I  =  I N D ( J )
I M N X  =  I - N X
O PS AV E ( I  )  =  P i n
I M I  =  I - l
A L F A G  =  A L F A * C C (  I M N X ) * E (  I ) / ( C C (  I M N X ) * A L F A  4
A L F A H  =  A L F A * F F ( I M l  ) * A ( I  ) / ( F F ( I M 1 l + A L F A  ♦
E E ( 1 ) =  E ( 1 ) - A L F A G
A A ( 1 )  =  A ( I l - A L F A H
BD =  U ( I ) + A L F A G + A L F A H - E E < I ) * F F ( 1 M N X ) - A A ( 1 ) * C C ( I M I )
C C I  I )  =  ( C ( I ) - A L F A G ) / a a
F F ( I )  =  ( F ( I ) - A L F A H ) / U O
4 0  Y ( l )  =  ( 0 ( 1  ) - E E (  I  ) * Y (  I M N X ) - A A ( I ) » Y (  I M I ) ) / B B
N P l  =  N + 1
DO SO J  =  l . N
I  =  I N O ( N P l - J )




E V E N - N U M W E R E D  I T E R A T I O N
MAR 3 3 5 0
- M A R 3 3 6 0
MAR 3 3 7 0
MAR 3 3 8 0
MAR 3 3 9 0
3 4 0 0
MAR 3 4  10
MAR 3 4 2 0
)MAR 3 4 3 0
MAR 3 4 5 0
MAR 3 4 6 0
MAR 3 4 6 5
MAR 3 4 7 0
MAR 3 4 9 0
MAR 3 7 6 0
MAR 3 7 7 0
) MAR 3 7 8 0
MAR 3 7 9 0
MAR 3 8 0 0
MAH 3 8 1 0
MAR 3 8 2 0
MAR 3 8 3 0
MAR 3 0 4 0
3 8 5 0
MAR 3 8 6 0
3 8 7 0
MAR 3 0 8 0
MAH 3 0 9 0
MAR 3 9 0 0
3 9 1 0
MAR 3 9 2 0
- M A R 3 9 3 0
MAR 3 9 4 0
MAR 3 9 5 0
MAR 3 9 6 0
MAR 3 9 7 0
MAR 3 9 8 0
MAR 3 9 9 0
MAR 4 0 0 0
MAR 4 0 1 0
MAR 4 0 2 0
MAR 4 0 3 0
MAR 4 0 4 0
MAR 4 0 5 0
HAH 4 0 6 0
MAR 4 0 7 0
MAR 4 0 8 0
MAR 4 0 9 0
MAR 4 1 0 0
- M A R 4 1 1 0
MAR 4 1 2 0
- M A R 4 1 3 0
03lO
FDRTHAN I V  C L E V E L  21 ; i p DATE = 7 8 1 1 6 2 0 / 4 7 / 2 1 PACE 0 0 0 2
0 0 3  7
0 0 3 8
0 0 3 9
0 0 4 0
0 0 4  1
0 0 4 2
0 0 4 3
0 0 4 4
0 0 4 5
0 0 4 6
0 0 4 7
0 0 4 8
0 0 4 9
0 0 5 0
0 0 5 1
0 0 5 2
0 0 5 3
0 0 5 4
0 0 5 5
0 0 5 6
0 0 5 7
oosa
0 0 5 9
0 0 6 0  
0 0 6 1  
0 0 6 2
0 0 6 3
0 0 6 4
0 0 6 5
0 0 6 6
DO 6 0  J  =  I .  N
I <= I N O ( N P l - J )
I P N X  =  1 » NX
I P !  = 1 + 1
A L F A G  =  A L F A * E E ( I P 1  ) 4 C  ( I ) / ( EEC I P  1 I 4 A L F A  ♦  1 . 0 )
A L F A H  =  A L F A  + A A l  I P N X  ) + F ( I  ) / ( A A (  I P N X )  + A L F A  ♦  1 . 0 )
F F ( 1 )  =  F  < I ) - A L F A H
C C ( I ) =  C ( I  ) - A L F A G
BB =  D < I ) + A L F A G + A L F A H - C C < I ) * A A ( I P 1 ) - F F { I ) 4 E E ( I P N X )
A A ( I )  =  ( A ( I ) - A L F A H ) / O B
E E ( I )  =  ( E ( I ) - A L F A G ) / B O
6 0  Y ( I )  =  ( D ( I ) - C C ( I ) * Y ( I P i ) - F F ( l ) * V ( I P N X ) ) / B O
DO 7  0 J = 1 . N
I =  I N O ( J )






C A L C U L A T I O N  OF RMAX
DO 0 0 
I
D I F F
R
I F (  R , 
8 0  C O N T I N U E
J = 1  >N 
=  I N D ( J )
=  P ( I ) - D P S A V E I I  )
=  A O S I D I F F  / ( P ( I ) + P S A V E I 1 ) )  ) 
G T .  R M A X)  RMAX =  R
C H E C K  FOR C ON VE RG E NC E
I F ( RMAX . L E .  E P S )  CO TO 9 0  
I F ( K  . G E .  KMAX ) GO T O  1 0 0  





I C N V R G
1 t o
I
P ( I )
R E T U R N
END
1
I  , N  
I N D ( J )





































4 1 4 0  
4 1 5 0  
4 1 6 0  
4 1 7 0  
4 1 0 0  
4 1 9 0  
4 2 0 0  
4 2 1 0  
4 2 2 0  
4 2 3 0  
4 2 4 0  
4 2 5 0  
4 2 6 0  
4 2 7 0  
4 2 0 0  
4 2 9 0  
4 3 0 0  
4 3 1 0  
4 3 2 0  
4 3 3 0  
4 3 4 0  
4 3 5 0  
4 3 6 0  
4 3 7 0  
4 3 0 0  
4 3 9 0  
4 4 0 0  
4 4 1 0  
4 4 2 0  
4 4 3 0  
4 4 4 0  
4 4 5 0  
4 4 6 0  
4 4 7 0  
4 4 8 0  
4 4 9 0
"JO
F I R T B A N  I V  r. L F V r i
0001
0 0 0 2
3 0 J 3
000*
0 0 0 5
0 0 0 6  
0  0 0 7  
3 3 J 8
0 0 0 9
0 0 1 0  




0 0 1 5  
0 ) 1 6
0 0 1 7
0 0 1 8
0 0 1 9
0 0 2 0  
0 ) 2 1  
0 0 2 2  
0 0 2 3  
0 ) 2 4
0 0 2 5
0 0 2 6
0 0 2 7
0 0 2 8  
0 0 2 9
0 0 3 0
0 0 3 1  
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5  
0 0 3 6  
0 ) 3 7  
0 0 3 8  
O 0 3 9  
0 ) 4 0
0 0 4 1
0 0 4 2
0 0 4 3
0 0 4 4
0 0 4 5
0 0 4 6
 v
S U B R O U T I N E
s t r a n d  
S T B A N O I  I S . I E  1
D A T E  « 7 8 0 0 6  2 0 / 4 6 / 3 3
MAP 4 5 0 0
P U R P O S E  OF S U B R O U T I N E MAR 4 5 2 0
T O  P ER FOR M T H E  S T B A ND  PROC ED UR E MAR 4 5 3 0
T O  S O L V E T H E  P R E S S U R E  E Q U A T I O N S . MAR 4 5 4 0
c o m m o n / c o  1 / E l 3 4 5 ) , A I 3 4 5 ) , B I 3 4 S ) , C I 3 4 5 )  , F I 3 4 5 ) . P I  3 4  5 ) , 0 1 3 4 5 ) MAR 4 5 6 )
C O M M O N / 0 0 2 / N X . N Y . N X Y . N . I N D I 3 4 S ) . N X M l . N Y M I MAR 4 S ? 0
D I M E N S I O N G A M A I 3 4 5 ) . A L F A I I S I . G I I S . 3 4 5 ) . H I  I S . 3 4 5 ) MAR 4 5 8 0
DA TA G A M A / 3 4 5 * ) . 0 / MAR 4 5 9 0
DO I  O 3 1 . N X Y MAP 4 6 0 0
G I N X . J I = E I 3 ) MAP 4 6 1 0
G ( 1  . J ) = A I 3 ) MAR 4 6 2 0
H I  1 . J ) = C I 3 ) MAR 4 6 3 0
H ( N X . J ) X F I 3 ) MAP 4 6 4 0
P I  J ) X 0 . 0 MAR 4 6 5 0
0 0  1 0 I = 2 . N X M 1 MAP 4 6 6 0
G I I . J I 3 . 0 MAP 4 6 7 0
1 0 H I  I . J t = 0 . 0 MAP 4 6 8 0
DO 7 0 3 = I S .  I E MAR 4 6 9 0
I F I A B S I B I J ) l . L E .  I . o e - i o  ) GO TO 7 0 MAR 4 7 0 0
A L F A I N X I = G I N X . 3 ) MAR 4 7 1 0
DO 2 0  I I I . N X M I MAR 4 7 2 0
• I = NX -  I I MAR 4 7 3 0
A L F A ! I  1 X G I I . 3 ) MAR 4 7 4 0
I P l X I  * 1 MAR 4 7 5 0
DO 2 0 K 3 I P l . N X MAP 4 7 6 0
2 0 A L F A I I ) = A L F A I X ) - A L F A  I K ) * H I K - I . 3 - K ) MAR 4 7 7 0
B E T A X 81 3 ) MAP 4 7 8 0
DO 3 0 K = 1 . N X MAR 4 7 9 0
3 0 BETA = B C T A - A L F A I K ) * H I K . 3 - K ) MAP 4 8 ) 0
DO SO I = 1 . N X M I MAP 4 8 1 0
J P I X 3 * 1 MAP 4 8 2 0
I P l X I  *1 MAP 4 8 3 0
DO 4 0 K 3 I  P I  . N X MAP 4 8 4 0
4 0 H I  I , 31 H I  I . 3 ) - A L F A l K - I ) * H I K , 3 P I - K ) MAP 4 8 5 0
5 0 H I  1 , 3 ) = H I I , 3 ) / 8 E T A MAP 4 8 6 0
H I N X . 3 1 X H I N X . 3 ) / B E T A MAR 4 8 7 0
DO 6 0 I 1 . N X MAR 4 8 8 0
G A M A I 3 1 3 0 1 3 ) MAP 4 8 9 0
DO 6 0 K 3 1 . N X MAP 4 9 0 0
6 0 G A M A I 3 ) X G A M A I 3 ) - A L F A I K ) * G A M A I 3 - K ) MAP 4 9 1 0
G A M A I 3 ) X G A M A I 3 ) / B E T A MAP 4 9 2 0
7 0 C O N T I N U E MAP 4 9 3 0
DO 8 0  3 3 a I S .  I E MAP 4  9 4  0
3 I 2 + I S - 3 3 MAP 4 9 5 0
P I 3 I G A M A I 3 ) MAR 4 9 6 0
DO 8 0 K 3 1 . N X MAP 4 9 7 0
8 0 P I 3 I = P I 3 ) - H 1 K . 3 ) * P ( 3 * K ) MAR 4 9 8 0
P P T U R N MAP 4 9 9 0
FNO MAP 5 0 0 0
PAG» 0 0 0 1
•vj
FORTRAN I V  G L E V E L  21 RADP D AT E  a 7 0 0 8 6 2 0 / 4 6 / 3 3 PACE 0 0 0 1
0001 «.IJHrtdOT IMIÏ n *1)1» MAR T250
c PU9P0SE OF SUBROUTINE MAP 7270
c TO PERFORM THE RAO PROCEDURE MAR 7280
c TO SOLVE THE PRESSURE EQUATIONS. MAR 7290
7300
0002 COMMON/CO 1 / E I 3 4 5 ) . A ( 3 4 S ) , B I 3 4 5 ) . C I 3 4 5 ) . F I  3 4 3 ) , PI 3 4 5 ) . 0 1 3 4 5 ) MAP 7310
0033 COMMON/C23/ NUO.NUDXI17S) ,NL0.NLDX(1 7 5 ) ,NU. NUQP1tNLOPI , M MAR 7320
0004 C0NH0N/C28/ I R S ( 3 9 0 ) . M 1 . M 2 . I S S . A A ( 4  1 0 ) . C C ( 4 1 0 ) , F F I 4 I 0 ) , F F I 4 1 0 ) MAR 7330
0 ) 3 5 COMMON/C29/ G I 1 7 . I 9 S ) .  H I 1 6 . 1 9 5 I . Y I 4 1 ) ) MAP 7340
c TRANSFER COEFFICIENT MATRIX FROM STANDARD ORDERING TO RAO MAR 7 3 6 )
c UPPER RIGHT QUARTER OF THE COMPOSITE MATRIX MAP 7370
0006 DO 10 K = 1 .NUO MAP 7 3 9 )
0007 J = NUDXIK) MAR 7400
0008 I = I R S I 3 ) MAP 7410
0 3)0 AA(J) = A l l l / B I I ) MAP 7420
00 10 CCI J> a C ( I ) / a l I > MAR 7430
0011 CEI J) a E ( I ) / B ( I ) MAR 7 4 4 )
0 ) 1 2 FFl  J ) a F I D / B I I ) MAR 7450
0013 10 Y( J) a O I D / B I I ) , MAP 7460
0014 DO 20 K a 1 .NLD MAP 7 4 7 )
0015 J a NLOXlK) MAR 7480
00 16 I a I R S I 3 ) MAR 7490
0 ) 1 7 AA ( J 1 = A I D MAR 7500
00 18 GfM.J-NU) a O i l ) MAP 7510
0019 CCI J) a C I I ) MAP 7520
0 0 2 ) EEI J) a E l i ) MAP 7530
0021 FF( J 1 a F I D MAR 7540
0022 20 Y( J» a O i l  ) MAR 7550
c 7560
c CONTRIBUTION OF AA.CC.EE.FF VECTORS MAP 7570
c 7580
0023 DO 30 J J a 1.  NLD MAR 7590
0024 K a NLDXI33) MAR 7 6 ) )
0 ) 2 3 J a K -  NU MAP 7610
0026 Jl a 3 *  1 MAP 7620
0027 Kt a 3 + Ml MAR 7 6 3 )
0028 K2 a J » M2 MAR 7640
0029 G( t i J ) a - SE IK  ) * E E I 3  ) MAP 7650
0 ) 3 ) G( 2 . 3 ) a -EEIK  )#CCI3 ) -CCIK ) * E 5 I 3 1 ) MAR 7660
0031 01 3 , 3 ) a -CCIK ) *C C I 31 ) MAR 7670
0 0 32 G I M I . 3 ) a -EE IK  )«AAI3 ) -AAIK )»EEIK2) MAR 7 6 8 )
0333 G(M , 3 ) a G | M . 3 ) - F E I K  14FFI3  ) -CC IK  ) * A A I 3 1 ) MAP 7600
1 -AAIK ) * C C I K 2 ) - F F I K  )«EEIK1) MAP 7700
0034 H( 1 , 3 ) a - F F I K l ) # F F I K  ) MAR 7 7 1 )
0035 HI 2 . 3 ) a -FFIK214AAIK ) - AAIK1 ) 4FFIK ) MAP 7720
0036 HI 3 . 3 ) a -AAIK2)4AAIK ) MAP 7730
0037 H I M l . 3 ) a - F F I 3 1 ) * C C I K  ) - C C I K I ) 4 F F I K  ) m a r 7740
0038 DO 30 1 a 4 ,  M2 MAP 7750
0039 GI I  . 3 ) a 0 . 0 MAR 7 7 6 )
r o
FORTRAN I V  G L E V R L  21 BADP DATE 7 8 0 8 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 2
0 0 4 0 3 0 H (  I  , J ) = 0 . 3 MAR 7 7 7 3
' '.I'l III' ni l . 1 I'AI' f  f HI
0 0 4 1 o n 4 0  1 = 1 . 3 MAP 7 8 1 0
0 0 4 2 4 0 M l  I  1 I S S I « I K  I . I S S I / G I M . I S S ) MAP 7 0 2  3
3 3 4 3 H I  M l , I  S S I =  H I M I . I S S l / C I M , I S S I MAR 7 8 3 0
0 0 4 4 0 0 6 0  J J 3 2 . 3 MAR 7 8 4 0
0 0 4 5 J = N L D X I J J l  -  NU MAP 7 8 5 3
0 0 4 6 J O =  J -  1 MAR 7 8 6 0
0 0 4 7 J 2 =  J J  * 2 MAP 7 8 7 0
3 3 4 8 G I M . J l -  G I M . J I - G I M l . J ) 4 H ( M 1 . J 3 1 MAP 7 8 8 0
0 0 4 9 H (  l . J ) = H I  I . J l / G I  M . J I MAP 7 8 9 0
0 0 5 0 DO 5 0  I =  2 .  J 2 MAP 7 9 0 3
3 3 5 1 5 3 H ( I . J ) X I H I I . J l - H I I - l . J 0 1 4 G I M 1 . J l 1 / G I M . J l MAP 7 9 1 0
0 0  5 2 6 0 H ( M 1 . J ) X H I M l . J l / G I M  . J l MAR 7 9 2 0
C G ROU P N O . 2 mar 7 9 4 0
3 3 5 3 DO 9 0  JJ. X  4 . N L 0 MAR 7 9 6 0
0 0 5 4 J = N L D X I J J I - N U MAP 7 9 7 0
0 0 5 5 JM X J -  M MAP 7 9 8 3
3 3 5 6 DO 7 0  I X 2 . M MAP 7 9 9 0
0 0 5 7 J H I X J M ♦ I MAR 6 0 0 0
0 0 5 8 KE = 1 - 1 map 8 0 1 0
0 0 5 9 0 0 7 0  K =  1 . K E MAP 8 0 2 0
0 0 6 0 7 0 G d . J  3 X G I I . J  1 - G I I - K . J  1 4 H I M - K . J M I - K I MAP 8 0 3 0
0 3 6 1 H (  t . J l =  H I  l . J l / G I  M . J I MAR 8 0 4 0
0 0 6 2 0 0 9 0  I *  2  .  M l MAP 8 0 5 0
0 0 6 3 KE =  1 - 1 mar 8 3 6 3
0 3 6 4 o n 8 0  K X 1 .  KE MAR 8 0 7 0
0 0 6 5 8 0 H (  I . J ) X H I  I  . J l - H I I - K . J - K 1 4 G I M - K . J ) MAP 8 0 8 0
0 0 6 6 9 0 H (  I , J 1 X H I I . J 3 / G I M . J I MAR 8 0 9 0
8 1 0 0c BACK S U B S T I T U T I O N MAP 8 1 1 0
8 1 2 0
0 0 5 7 DO 1 1 0  K X l . N L D MAP 8 1 3 0
0 0 6 8 J X N L D X lK ) MAP 8 1 4 3
3 3 5 9 J N U X J  -  NU MAR 8 1 5 0
0 0 7 0 JM = J -  M MAP 8 1 6 0
0 0 7 1
1
V I  J l X V I J ) - n s I J ) * v ( J N U i - c c I J 1* y I j n u * 11 
- A A I J ) * Y I J N U * M 2  l - F F I J ) * V I J N U 4 M 1 1
MAR
MAP
8 1 7 3
8 1 8 0
0 0 7 2 o n 1 0 0  KK X I .  Ml MAP 8 1 9 0
3 3 7 3 1 3 3 V I  J l X V I J l - G I K K . J N U l * V I J M T K K 1 mar 8 2 0 0
0 0 7 4 11 0 V I  J l X V I J l / G I M . J N U l MAP 8 2 1 0
0 0 7 5 DO 1 2 0  J J X 2 . NLD MAP 6 2 2 3
0 3 7 6 J X N L D X I N L D P I - J J I MAP 8 2 3 0
0  0 7 7 JM X J *  M MAP 8 2 4 0
0 0 7 8 JN U X J -  NU MAP 8 2 5 3
0  0 7 9 DO 1 2 0  K X 1 .  Ml MAR 8 2 6 0
0 0 8 0 1 2 0 V I  J l X V I J )  -  H I K . J N U I  *  V I J M  -  K l MAP 8 2 7 0
3 3 8 1 DO 1 3 3  K X  l . N U O MAP 8 2 8 0
w
FORTRAN I V  G L E V E L  21 RADP DATE = 7 0 0 0 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 3
3 0 0 2
0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9
0 0 9 0
0 0 9 1
0 0 9 2
1 3 0
J  «= N U D X I N U D P I - K )
J N U  *  J  ♦  NU
Y ( J )  =  Y ( J )  -  F F I J I *  Y ( J N U I - A A I J ) «  Y I J N U - I l
-  C C ( J ) X >  Y< J N U - M 2 ) - E E (  J ) 4  Y ( J N U - M I |
C
c-
T R A N S F O R M  P R E S S U R E  TO S T A N D A R D  O R D E R I N G
DO 1 4 0  K =  I , N U O
J  =  N U D X ( K )
1 4 0  P ( I R S ( J ) l  =  Y ( J )
DO I S O  K =  1 « N L D
J  =  N L D X I K )
1 5 0  P d R S ( J ) )  =  Y ( J )

















8 2 9 0  
0 3 0 0  
0 3 1  3 
0 3 2 0  
0 3 3 0  
0 3 4 0  
8 3 5 0  
8 3 6 0  
0 3 7 0  
8 3 0 0  
8 3 9 0  
0 4 0 0  
8 4 1 0  
8 4 2 0  
8 4 3 0
FORTRAN I V  G L C V F L  21 RS DATE =  7 6 0 6 6 2 0 / 4 6 / 3 3 PAGE 0 0 0 1
0 3 0 1 S U B R O U T I N E RS MAR 6 4 4 0
6 4 5 0
6 4 6 0C P U RP O SE  OF S U B R O U T I N E MAR
c T C  R EORDER T H E  S T A N D A R D  O R D E R I N G  I N T O  RAO MAR 6 4 7 0
0 0 ) 2 C P M H O N / C 0 2 / N X . N Y , N X V » N , I N D l 3 4 5 ) , N X M I . N Y M I MAR 6 4 9 0
0 0 0 3 C 0 M M 0 N / C 2 3 / N U O . N U D X I 1 7 5 ) . N L D . N L D X I 1 7 5 ) , N U , N U 0 P 1 « N L O P l , M MAP 6 5 0 0
0 0 0 4 C 0 H M 0 N / C 2 8 / I  R S I  3 9 0 ) , M l , M 2 , I S S , A A t 4 1 0 ) , C C I  4 1 0 ) , E E * 4 1 0 ) , F F ( 4 1 0 ) MA P 6 5 1 0
0 0 ) 5 RE AD  3 0 0 , NUD . N L O . L O , N D MAR 8 5 2 0
0 0 0 6 NR *  L D 4 N D MAR 6 5 3 0
0  0 0 7 M = L D  *  2 MAP 6 5 4  0
0 0 0 6 NU =  NR / 2 MAR 6 5 5 0
0 0 0 9 I F I  M O D ( N O , 2 )  . N E .  0 I  N U = N M / 2 # M MAP 6 5 6 0
0 ) 1 0 Ml =  M -  1 MAR 8 5 7 0
0 0  11 M2 *  M -  2 MAP 6 5 8 0
0 0 1 2 READ 3 0 0 , ( N U D X I J )  « I R S I N U D X l  J ) ) ,  J=>t , N U D ) MAR 8 5 9 3
0 0 1 3 R F AO  3 ) 0 , * N L D X I J ) , I R S | N L D X * J ) ) , J = 1 , N L D ) MAP 8 6 0 0
0 0 1 4 3 0 P R I N T  2 0 0 MAP 8 6 1 0
0 0 1 5 DO 4  0 J  =  1 , N U MAR 8 6 2 0
0 0 1 6 J N U =  J  +  NU MAP 8 6 3 0
0 0 1 7 4 0 P R I N T  1 0 0 , J . 1 R S * J ) , J N U . 1 R S * J N U ) MAP 6 6 4 0
0 3 1 8 I S S =  N L D X I 1) -  NU MAP 6 6 5 0
0 0 1 9 N L O P l a  N L D  4 1 MAP 8 6 6 0
0 0 2 0 N U O P I =  N U D  ♦  1 MAP 8 6 7  0
0 0 2 1 R E T U R N MAR 6 6 6 0
0 0 2 2 1 0 0 F O R M A T ! 2 0 X . 2 1 1 0 . 1 0 X . 2 I l O ) MAP 6 6 9 0
0 0 2 3 2 0 0 F O R M A T * I H l . 2 7 X . * R A O « ,  5 X , " G A U S S * . 1 8 X . " R A O * .  5 X . " G A U S S " , / , MAP 8 7 0 0
1 2 8 X , • *=» =  • »  5 X , , 1 6 X , « = = = ' ,  S K , ) MAP 8 7 1 0
0 0 2 4 3 0 0 F 0 R M A T < 2 0 I 4 ) MAR 8 7 2 0
0 0 2 5 END • MAP 8 7 3 0
oi
APPENDIX F 
A SAMPLE OF COMPUTER SIMULATION OUTPUT
O I L  I N  P L A C E  
MATER I N  P L A C E
GAS I N  P L A C E ! F R E E  C D I S S O L V E D )  
T O T A L  F L U I D S  I N  P LA C E
K I L O G R A M
Bs
0 . I 2 6 0 E  I )  
0 . 1 I 2 S E  1 0  
0 . 2 I 6 2 E  0 9  
0 . 2 6 0 2 E  1 3
S T .  C U B I C  M E T E R
: = = =  =  = = =  = = % = = %m*
. 0 . 1 5 2 8 =  0 7  
0 . 9 7 0 I E  0 6  
0 . 2 4 0 2 E  0 9  
0 . 2 4 2 7 E  0 9
O U T P U T  N O .  I
=  = = 3 CSiSSS 3
T I M E
C P U  T I M F
M A X I M U M  T I M E  S TE P  
M I N I M U M  T I M E  S TE P
M A X .  A 0 S .  M A S S  B A L A N C E  R E L A T I V E  ERROR  
T O T A L  MASS B A LA NC E R E L A T I V E  E P H O P  
O I L  MASS B A LA NC E P E L A T I V C  ERROR  
MATER MASS B A LA NC E R E L A T I V E  E R R O R  
GAS MASS B A LA N CE  R E L A T I V E  E RRO R  
A V ER A G E  R E S E R V O I R  P R E S S U R E
3 3 . 0 ) 3 1  
1 0 . 3 2 3 0  
1 3 . 0 5 0 4  
0 . 0 6 3 6  
0 . 1  I 2 6 E - 0 2  
- J . 6 3 0 4 E - 3 3  
- 0 . 1 1 2 6 E - 0 2  
0 . 8 6 2 7 E - 0 4  
- 0 . 1 1 2 3 E - 0 2  
1 4 8 1 4 .
M F L L S  R E P O R T
N E G A T I V E  q u a n t i t y I N D I C A T E S P R O D U C T I O N t—*
P O S I T I V E  Q U A N T I T Y I N D I C A T E S I N J E C T I O N
A L L U N I T S  ARE I N S T A N D A R D  C U B I C M E T E R S
œ
S E R . WELL X - V - O I L CAS WATER G A S - O I L
N O . ■ N O . A X I S A X I S D A I L Y C U M U L A T I V E D A I L Y C U M U L A T I V E D A I L Y C U MU LA T I  VE R A T I O
1 1 1 3 4 - 3 1 . 8 7 - 1 5 5 6 . 2 0 - 8  1 5 8 . 2 3 - 0 . 2 4 5 0 6 - 0 . 0 0 — 0 . 0 0 1 5 7 . 2 7
2 5 2 7 6 - 7 3 . 4 1 - 2 2 0 2 . 1 7 - 1  1 5 4 4 . 6 8 - 0 . 3 5 5 0 6 —0  . 0 0 —0  . 0  0 1 5 7 . 2 7
3 4 1 5 a - 6 3 . 6 8 - 1 8 2 3 . 4 6 - 9 5 4 3 . 6 3 - 0 . 2 9 E 0 6 — 0 . 0 0 - 0 . 0 0 1 5 7 . 2 7
4 5 1 a a - 5 1 . 8 7 - 1 5 5 6 . 2 0 - 8 1 5 8 . 2 3 - 0 . 2 4 5 0 6 - 0 . 0  0 - 0 . 0 0 1 5 7 . 2 7
5 8 1 7 1 0 —6 0 . 6 8 - 1 8 2 0 . 4 6 - 9 5 4 3 . 6 0 - 0 . 2 9 E 0 6 - 0 . 3 0 - 3 . 3 0 1 5 7 . 2 7
6 7 1 5 1 2 - 3 3 . 2 8 - 9 9 8 . 3 2 - 5 2 3 3 . 5 8 • - 0 . 1 6 5 0 6 - 0 . 0 0 — 0 . 0 0 1 5 7 . 2 7
7 8 2 a 1 2 - 5 1 . 8 7 - 1 5 5 6 . 2 0 - B 1 5 B . 2 3 - 0 . 2 4 = 0 6 - 0 . 0 0 - 0 . 0 0 1 5 7 . 2 7
a 1 12 7 14 - 4 6 . 9 8 - 1 4 3 9 . 3 9 - 7 3 5 8 . 5 9 - 0 . 2 2 P 06 - 0 .  30 — 0 . 0  0 1 5 7 . 2 7
9 1 0 1 5 1 6 - 3 9 . 1 3 - 1  1 7 4 . 4 9 - 6 1 5 7 , 1 6 - 0 . 1  BE 0 6 - 0 .  0 0 - 0 . 0 0 1 5 7 . 2 7
1 0 1 1 1 7 1 6 - 5 1 . 8 7 - 1 5 5 6 . 2 0 - 6 1 5 8 . 2 3 - 0 . 2 4 E 0 6 - 0 . 0 0 — 3 . 3 3 1 5 7 . 2 7
11 1 4 1 7 1 8 - 4 6 . 9 8 - 1 4 0 9 . 3 9 - 7 3 8 8 . 5 9 - 0 . 2 2 E 0 6 - 0 . 0 0 — 0 . 0 0 1 5 7 . 2 7
1 2 1 3 1 5 2 0 —3 0 . 3 4 - 9 1 0 . 2 3 - 4 7 7 1 „ 7 9 - 0 . 1 4 % 0 6 - 0 . 0 0 - 0 . 0 0 1 5 7 . 2 7
1 3 1 4 3 a 2 0 - 4 3 . 0 6 - 1 2 9 1 . 9 4 - 6 7 7 2 . 8 8 - 0 . 2 0 E 3 6 - 3 .  3 0 - 3 . 3 3 1 5 7 . 2 7
1 4 4 7 2 1 - 2 9 . 3 6 - 8 8 0 . 6 7 - 4 6 1 7 . 6 6 - 0 . I 4 E 0 6 - 0 .  0 0 - 0 . 0 0 1 5 7 . 2 7
1 5 21 8 4 0 . 0 0 . 0 0 .  0 0 . 0 8 6 . 6 2 2 5 9 9 . 7 0
1 6 6 1 1 3 6 0 . 0 0 . 3 0 . 0 0 . 0 8 6 . 8 7 2 6 0 6 . 2 2
1 7 91 1 0 1 0 0 .  0 0 . 0 0 . 0 0 . 0 1 1 0 . 0 0 3 3 0 0 . 0 0
1 8 1 2 1 10 1 4 0 . 0 0 . 0 0 .  0 0 .  3 1 1 0 . 0 0 3 3  3 0 . 3 3
1 9 1 5 2 1 3 1 8 0 . 0 0 . 0 0 . 0 0 . 0 1 1 0 . 0 0 1 3 0 0 . 0 0
2 0 3 10 2 1 0 . 0 0 . 0 0 .  0 0 . 0 1 0 3 . 7 3 31  1 2 . 0 3
- 0 . 2 0 E  OS - 0 . 3 2 C 0 7 0 . 1 8 E  OS
OIL MOfîSSURP AT THE MlüÜLB OF THF CELL
f 1 ? 1 4 5 6 7 8 9 1 3
1 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 . 0 .
2 0 . 0 . 1 4 5 1 3 . 1 4 5 2 8 . 1 4 5 6 3 . 1 4 6 6 1 . 1 4 8 3 5 . 1 5 0 1 7 . 1 5 1 2 8 . 1 5 1 9 0 .
3 0 . 1 4 4 9 0 . 1 4 4 9 5 . 1 4 5 1 5 . 1 4 5 3 4 . 1 4 6 6 9 . 1 4 0 4 2 . 1 5 0 5 8 . 1 5 1 2 6 . 1 5 1 8 1 .
4 0 . 1 4 5 0 2 . 1 4 5 0 6 . 1 4 4 9 2 . 1 4 4 2 0 . 1 4 6 4 5 . 1 4 8 4 8 . 1 5 2 0 4 . 1 5 1 3 2 . 1 5 1 8 9 .
5 3 . 1 4 4 8 9 . 1 4 4 9 5 . 1 4 5 3 8 . 1 4 5 1 1 . 1 4 6 1 5 . 1 4 7 2 5 . 1 4 9 2 0 . 1 5 0 5 9 . 1 5 2 1 0 .
6 0 . 1 4 4 7 7 . 1 4 4 8 1 . 1 4 4 8 9 . 1 4 4 9 8 . 1 4 5 4 3 . 1 4 5 3 8 . 1 4 7 9 9 . 1 5 0 1 5 . 1 5 5 1 3 .
7 0 . 1 4 4 5 2 . 1 4 4 4 5 . 1 4 4 5 1 . 1 4 4 4 2 . 1 4 5 1 8 . 1 4 5 8 3 . 1 4 7 2 3 . 1 4 9 2 5 . 1 5 1 1 7 .
e ) . 1 4 4 2 8 . 1 4 4 2 2 . 1 4 3 9 4 . 1 4 3 1 6 . 1 4 4 6 2 . 1 4 5 5 5 . I  4 5 9 3 . 1 4 8 4 6 . 1 5 0 4 3 .
9 0 . 0 . 1 4 3 8 6 . 1 4 3 8 9 . 1 4 3 9 7 . 1 4 4 6 2 . 1 4 5 2 5 . 1 4 6 7 4 . 1 4 8 7 3 . 1 5 0 6 5 .
1 0 J . 0 . 1 4 3 9 3 . 1 4 3 8 5 . 1 4 4 3 1 . 1 4 4 3 2 . 1 4 4 1  1 . 1 4 6 6 5 . 1 4 9 0 0 . 1 5 3 7 5 .
11 0 . 0 . 1 4 3 9 5 . 1 4 3 6 6 . 1 4 3 6 9 . 1 4 4 5 2 . 1 4 5 2 1 . 1 4 6 5 8 . 1 4 8 7 9 . 1 5 0 9 4 .
1 2 0 . 0 . 0 . 1 4 3 4 9 . 1 4 2 8 2 . 1 4 4 2 7 . 1 4 5 2 9 . 1 4 5 7 4 . 1 4 8 5 9 . 1 5 3 7 2 .
1 3 3 . 0 . 3 . 1 4 3 6 6 . 1 4 3 6 6 . 1 4 4 2 5 . 1 4 5 2 7 , 1 4 6 9 3 . 1 4 9 2 0 . 1 5 1 5 7 .
1 4 0 . 0 . 0 . 1 4 3 6 8 . 1 4 3 8 1 . 1 4 4 0 1 . 1 4 4 0 4 . 1 4 7 1 0 . 1 4 9 6 8 . 1 5 6 3 1 .
1 5 0 . 0 . 3 . 1 4 3 5 4 . 1 4 3 6 1 . 1 4 4 1 3 . 1 4 4 8 4 . 1 4 7 1 7 . 1 4 9 4 6 . 1 5 1 8 7 .
1 6 0 . 0 . 0 . 1 4 3 3 0 . 1 4 2 5 4 . 1 4 4 1 9 . 1 4 4 2 7 . 1 4 7 2 2 . 1 4 9 4 8 . 1 5 1 4 4 .
1 7 0 . 0 . 0 . 1 4 3 7 2 . 1 4 3 8 9 . 1 4 4 3 9 . 1 4 5 3 4 . 1 4 7 5 9 . 1 4 9 8 5 . 1 5 2 3 5 .
1 8 0 . 0 . 1 4 3 6 1 . 1 4 3 6 1 . 1 4 3 9 3 . 1 4 4 4 7 . 1 4 4 8 2 . 1 4 7 6 6 . 1 5 0 2 7 . 1 5 5 9 7 .
1 9 0 . 0 . 0 . 1 4 3 8 6 . 1 4 3 7 0 . 1 4 4 7 0 . 1 4 5 8 5 . 1 4 7 7 4 . 1 5 0 3 8 . 1 5 3 0 6 .
2 0 0 . 0 . 0 . 1 4 3 5 4 . 1 4 2 8 4 . 1 4 4 5 4 . 1 4 5 7 4 . 1 4 6 8 1 . 1 5 3 4 9 . 1 5 3 6 1 .
21 0 . 0 . 0 . O . 1 4 3 9 1 . 1 4 4 4 9 . 1 4 4 9 6 . 1 4 7 9 1 . 1 5 1 3 6 . 1 6 2 3 0 .













0 . 0 . 0 . 0 . 0 .
J
1 0 . 0 . 0 . 0 . 0 .
2 1 5 2 2 3 . 0 . 0 . 0 . 0 .
3 1 5 2 2 6 .  ■ 1 5 2 6 6 . 0 . 0 . 0 .
4 1 5 2 3 6 . 1 5 2 7 7 . 0 . 0 . 0 .
5 1 5 2 5 0 . 1 5 2 9 0 . 0 . 0 . 0 .
6 1 5 2 8 2 . 1 5 2 7 9 . 3 . <3. 3 .
7 1 5 1 9 5 . 1 5 2 4 5 . 1 5 2 8 3 . 0 . 0 .
e 1 5 1 5 2 . 1 5 2 2 2 . 1 5 2 4 2 . 1 5 2 9 4 . 0 .
9 1 5 1  S B . 1 5 2 1 9 . 1 5 2 5 3 . 1 5 3 ) 1 . 0 .
10 1 5 2 2 2 . 1 5 2 3 0 . 1 5 2 6 1 . 1 5 3 0 9 . 0 .
1 1 1 5 1 8 2 . 1 5 2 3 4 . 5 5 2 7 4 . 0 . 0 .
12 1 5 1 6 5 . 1 5 2 4 9 . 1 5 3 2 6 . 0 . 0 .
1 3 1 5 2 2 8 . 1 5 2 8 7 . 1 5 3 3 7 . 0 . 0 .
1 4 1 5 3 2 7 . 1 5 3 3 3 . 1 5 3 5 8 . 3 . 0 .
15 1 5 2 7 9 . 1 5 3 3 4 . 1 5 3 7 1 , 0 . 0 .
1 6 1 5 2 5 6 . 1 5 3 4 3 . 1 5 3 7 6 . 1 5 4 0 9 . 0 .
1 7 1 5 3 3 8 . 1 5 3 6 3 . 1 5 3 9 4 . 1 5 4 2 9 . 3 .
I B 1 5 3 9 8 . 1 5 4 0 7 . 1 5 4 2 6 . 1 5 4 4 3 . 0 .
1 9 1 5 4 0 1 . 1 5 4 3 9 . 1 5 4 6 9 . 0 . 0 .
2 0 1 5 4 4 5 . 1 5 4 8 2 . 1 5 4 9 1 . 0 . 0 .
2 1 1 5 6 1 2 . I S S S 2 . 0 . 0 . 0 .
2 2 0 . 0 . 0 . 0 . 0 .
2 3 0 . 0 . 0 . 0 . 0 .
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O U T P U T  N O .  2
v:C33c=assBssa
T t  ME
CPU TIME
M A X I M U M  T I M E  STE P  
M I N I M U M  T I M E  S T E P
M A X .  A Q S .  MA S S  B A L A N C E  R E L A T I V E  E RR O R  
T O T A L  MASS B A L A N C E  R E L A T I V E  E RRO R  
O I L  MASS B A L A N C E  R E L A T I V E  ERROR  
WATER MASS B A L A N C E  R E L A T I V E  E RRO R  
GAS MASS B A L A N C E  R E L A T I V E  ERROR  
A V ER A G E  R E S E R V O I R  P R E S S U R E
6 0 . 0 0 0 0  
I3 .72BS  
1 8 . 4 0 0 0  
1 1 . 6 0 0 0  
0 . 4  I 8 6 E - 3 2  
- 0 . 2 0 0 3 E - 0 2  
- 0 . 3 5 0 2 E - 0 2  
0 . 9 3 7 3 F - 0 4  
- 0 . 4 I 6 6 E - 0 2  
1 3 7 6 1 .
W E L L S  R EPOR T
N E G A T I V E  Q U A N T I T Y  I N D I C A T E S  P R O D U C T I O N  
P O S I T I V E  Q U A N T I T Y  I N D I C A T E S  I N J E C T I O N  
A L L  U N I T S  ARE I N  S T A N D A R D  C U B I C  ME TE R S
00W
S E R . WELL X - Y - O I L GAS WATER G A S - O I L
N O . N O . A X I S A K I S D A I L Y C U M U L A T I V E DA I L Y C U M U L A T I V E D A I L Y C U M U L A T I V E RAT 1 0
I 1 I 5 4 - 5 0 . 7 7 - 3 0 7 9 . 3 2 - 7 9 8 4 . 8 0 - 0 . 4 8 E 3 6 - 3 . 3 3 - 3 . 3 3 1 5 7 . 2 7
2 5 2 7 6 - 7 1 . 8 5 - ^ 3 5 7 . 5 2 - I  I 2 9 9 . 2 5 - 0 . 6 9 E 0 6 - 0 . 0 0 - 0 . 0 0 1 5 7 . 2 7
3 41 5 a - 5 9 . 3 9 - 3 6 0 2 . 2 2 - 9 3 4 0 . 7 1 - 0 . S 7 E 0 6 - 0 . 0  0 - 0 . 0 0 1 5 7 . 2 7
4 61 8 8 - 5 3 . 7 7 - 3 0 7 9 . 3 2 - 7 9 8 4 . 8 3 - 3 . 4 8 E 3 6 - 3 . 3 3 - 0 . 0 0 1 5 7 . 2 7
S 81 7 1 0 - 5 9 . 3 9 - 3 6 0 2 . 2 2 - 9 3 4 0 . 7 1 - 0  . 5 ? C 0 6 — 0 .  0 0 - 0 . 0 0 1 5 7 . 2 7
6 7 1 5 1 2 - 3 2 . 5 7 - 1 9 7 5 . 4 1 - 5 1 2 2 . 3 2 - 0 . 3 1 E 0 6 - 3 .  3 3 - 3 . 3 3 1 5 7 . 2 7
7 8 2 8 1 2 - 5 3 . 7 7 - 3 0 7 9 . 3 2 - 7 9 8 4 . 8 0 - 0 . 4 8 E 0 6 - 0 .  0 0 - 0 . 0 0 1 5 7 . 2 7
8 1 1 2 7 1 4 - 4 5 . 9 8 - 2 7 8 8 . 8 1 - 7 2 3 1  .  5 2 - 0 . 4 4 E 06 - 0  .  0 0 - 0 . 0 0 1 5 7 . 2 7
9 I  0 1 5 1 6 - 3 8 . 3 2 - 2 3 2 4 . 3 1 - 6 3 2 6 . 2 6 - 0 . 3 7 E 3 6 - 3 .  3 3 - 3 . 3 3 1 5 7 . 2 7
1 0 1 1 I 7 1 6 - 5 0 . 7 7 - 3 0 7 9 . 3 2 - 7 9 8 4 . 8 0 — 0  .  4 8 E 0 6 - 0 . 0 0 - 0 . 0 0 1 5 7 . 2 7
1 I 1 41 7 1 6 - 4 5 . 9 8 - 2 7 8 8 . 6 1 - 7 2 3 1 . 5 2 - 0 . 4 4 5 0 6 - 0 . 0  0 - 0 . 0 0 1 5 7 . 2 7
I  2 1 3 1 5 2 0 - 2 9 . 7 3 - 1 8 0 1 . 1  I - 4 6 7 0 . 3 5 - 0 . 2 8 E 0 6 - 0 .  0 0 - 0 . 0 0 1 5 7 . 2 7
I  3 143 8 2 0 - 4 2 . I  5 - 2 5 5 6 . 4 1 - 6 6 2 8 . 8 9 - 0 . 4 0 = 0 6 - 0 . 0 0 - 0 . 0 0 1 5 7 . 2 7
1 4 4 7 21 - 2 8 . 7 4 - 1 7 4 3 . 0 1 - 4 5 1 9 . 7 3 - 3 . 2 7 = 3 6 - 3 .  3 3 - 0 . 3 3 1 5 7 . 2 7
1 5 2 1 3 4 0 . 0 0 . 0 0 . 0 0 . 0 7 6 . 9 2 . 4 9 0 6 . 1 7
1 6 6 1 I 0 6 0 . 0 0 * 0 0 .  0 0 . 0 7 5 . 6 0 4 8 7 4 . 2 0
1 7 9 1 1 3 1 3 3 . 3 0 . 0 0 .  0 0 . 3 9 6 . 5 9 6 1 9 7 . 5 6
1 8 1 2 1 1 0 1 4 0 . 0 0 . 0 0 . 0 0  . 0 9 5 . 0 0 6 1 5 0 . 1 3
1 9 1 5 2 1 0 1 8 0 . 0 0 . 0 0 .  0 0 . 0 9 5 .  2 7 6 1 5 8 . 1 2
2 0 3 1 3 2 1 0 . 0 0 . 3 0 . 0 0 . 0 8 6 . 2 9 5 7 0 0 . 6 3
- 0 . 4 0 E  OS - 0 . 6 3 E 3 7 0 . 3 4 E  0 5
O I L  PUt îSSURK AT T H F  M I O n j - B  OF THF F F I L
I 1 2 3 4 5 6 7 e 9 10
J
1 ' ) . 1. J . J . *. 1. I I . 0. 0 . 0 .
2 0. 0 . 13467. 13504. 1 3 5 3 2 . 13626. 13820. 14002. 14110. 14168.
3 0. 11469. 13472. 11491. 13504. 13631. 1 14049. 141 I I . 1414) ,
4 0 . 13481. 13485. 13467. 13381. 13604. 13014. 14375. 14121. 14168.
5 0. 13468. 13472. 13483. 13470. 13574. 13672. 13885. 14028. 14188.
6 0. 13455. 13458. 13462. 13465. 13501. 13479. l 3769. 13971. 14930.
T 0. 13431. 13421. 13424. 13408. 13470. 13530. 13662. 13883. 14072.
8 0 . 13406. 13398. 13365. 13280. 13420. 13505. 13530. 13804. 13997.
9 0 « 3. 13358. 13357. 13360. 13418. 13472. 13611. 13825. 14017.
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